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Part 1

Motivation and Basics of Abstract Measure
Theory





CHAPTER 1

Motivating Problems of Measure Theory

Learning Objectives

At the end of this chapter, you will be able to:

• Compare and contrast different approaches to the “problem of measurement” in
Euclidean space and identify the advantages and disadvantages of different methods

• Describe applications of measure theory to other areas of mathematics

1. The Problem of Measurement

A basic (and very old) problem in mathematics is to compute the size (length, area, volume)
of geometric objects. In this chapter, we will trace the history (in a highly abbreviated form) of
the mathematical developments related to the measurement of the size of geometric objects from
ancient times up to the 20th century. The guide throughout will be the following open-ended
questions:

• What are the “geometric objects” to which we want to (and are able to) assign a notion
of size?

• What properties should size (length, area, volume) satisfy?
• How do we compute sizes of geometric objects?

This loosely-defined problem is what we will call the “problem of measurement” in Euclidean space.

2. Ancient Mathematics - Polygons, Polygons, Polygons!

In the Greek school of mathematics of antiquity1, the computations of areas and volumes of
regions was carried out by reducing general regions for which the area or volume was unknown to
polygon or polyhedral regions for which the area or volume was easily computed. This consisted of
two primary methods: quadrature (or squaring) and the method of exhaustion.

2.1. Quadrature. Quadrature (or squaring) is the process of constructing, from a given two-
dimensional region, a square of equal area. This is easily carried out for simple regions such as
rectangles (see Example 1.1), parallelograms, and triangles, but quickly becomes much more difficult
for curved regions. The problem of “squaring the circle,” i.e. carrying out this procedure for a circle
in a finite number of steps using only straightedge and compass, stumped ancient mathematicians
and for good reason: the fact that π is a transcendental number (proved by Lindemann in 1882)
makes a solution to the problem impossible.

Example 1.1: Quadrature of a rectangle

Given a rectangle with sides a, b, we can square the rectangle as follows. Place segments of
length a and b end to end and form a (semi)circle with diameter given by the two segments

1A very enlightening discussion of the history of “Greek mathematics” recently took place in the pages of the
Notices of the American Mathematical Society ; see [Kim25, Net25].
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(of total length a + b), and draw a segment perpendicular to the diameter at the meeting
point of the two segments (see Figure 1.1).

a

b

a b

h

Figure 1.1.

To compute the height h, form two right triangles over bases a and b (see Figure 1.2).
The two hypotenuses meet at a right angle by Thales’s theorem. Then by three applications
of the Pythagorean theorem,

(a+ b)2︸ ︷︷ ︸
a2+b2+2ab

= (a2 + h2) + (b2 + h2)︸ ︷︷ ︸
a2+b2+2h2

,

whence h2 = ab. The square with base h shown in red thus has the same area as the original
rectangle, so we have successfully squared the rectangle.

a b

h

a b

h

Figure 1.2.

2.2. Method of Exhaustion. Another method utilized in antiquity and containing the seeds
of later developments in analysis was the method of exhaustion. Credited to Eudoxus for estab-
lishing the method rigorously, the method of exhaustion consists of inscribing and circumscribing
sequences of polygons that converge to a given shape (see Figure 1.3). When used in conjunction
with the method of squaring, which can be used to compute polygonal areas, the method of exhaus-
tion was a powerful method for measurement in Greek mathematics. Polygonal approximations
(rediscovered and improved in various locations and times) continued to be the best-known method
for computing π until the end of the 17th century.
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Figure 1.3. The method of exhaustion applied to a circle. Archimedes used this
method (with regular 96-gons) to show 3 + 10

71 < π < 3 + 1
7 .

3. Indivisibles and Infinitesimals

A significant breakthrough in the computation of areas and volumes was formalized in the 17th
century by Bonaventura Cavalieri. (Similar methods had been used in antiquity by Archimedes
and in the 5th century CE by Chinese mathematicians Zu Chongzhi and Zu Gengzhi, but the
method was not in common usage in early modern Europe.) Cavalieri’s principle can be expressed
as follows:

Suppose two regions in the plane are bounded between two parallel lines. If the
two regions have cross-sections of equal length, then they have equal area.

A corresponding statement also holds in three dimensions: if two regions have planar cross-
sections of equal area, then they have equal volume.

Example 1.2

Cavalieri’s principle can be used to compute the volume of a cone. First, by slicing parallel
to the base, Cavalieri’s principle shows that the volume of a pyramidal region depends only
on the area of the base and the height. In particular, the computation of the volume of a
cone (or any other starting pyramid) can be reduced to computing the volume of a square
pyramid (Figure 1.4).

h

r r
√
π

h

Figure 1.4. A demonstration of Cavalieri’s principle. The two regions are
built out of cross-section of equal area so have equal volume.

The volume of the resulting pyramid can be computed by observing that three pyramids
for which the height is equal to the side length of the base can be combined into a cube
(Figure 1.5).
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Figure 1.5. Three square pyramids combine to form a cube, so the volume
of each pyramid is one third the volume of the cube.

Since the volume of the pyramid scales proportionally to its height, we conclude that the
pyramid (and hence the cone) has volume 1

3πr
2h.

While the volume of a cone was known in antiquity using the method of exhaustion (it appeared,
for example, in the 12th book of Euclid’s Elements), Cavalieri’s principle provides a much simpler
proof. As a result of the negative resolution of Hilbert’s third problem, it is also now known that
the computation of the volume of a cone or even certain pyramids requires some form of infinitary
argument (using Cavalieri’s indivisibles, integral calculus, or a limiting process as in the method
of exhaustion), since polyhedra of equal volume cannot always be transformed into each other via
finitely many polyhedral cuts and rearrangements.

4. Integral Calculus

Notwithstanding earlier developments fromMenaechmus and Apollonius in ancient Greek math-
ematics and Omar Khayyam in 11th century Persian mathematics, the introduction of coordinate
systems by Descartes in the 17th century set forth the discipline of analytic geometry and rev-
olutionized geometric calculations by uniting geometry with algebra. The variety of “geometric
objects” was no longer limited to polygons, polyhedra, conic sections, and other classical objects;
mathematicians had been unleashed to describe an endless assortment of new shapes by means of
algebraic formulae. But how was one to compute their sizes?

Following earlier contributions by Cavalieri (who computed the area under y = xn for n ≤ 9),
Wallis (who extended Cavalieri’s work to general n ∈ Z), and many others, Newton and Leibniz
discovered an astonishing link between the computation of areas (integration) and differentiation,
namely the fundamental theorem of calculus.

5. Introducing ε and δ

Early work in calculus was based on infinitesimals and does not meet our present-day stan-
dards for mathematical rigor. Though a rigorous foundation for the theory of infinitesimals was
eventually established by Abraham Robinson in the 1960s (dubbed “nonstandard analysis” as a
result of its later historical development), calculus was first put on firm foundations by the “ε-δ”
formalism established in the 19th century by Cauchy, Weierstrass, and others. Using the newly
rigorous notions of limits, the ancient method of exhaustion could finally reach its full potential
with the integration theory developed by Riemann and Darboux. For purposes of exposition, we
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will focus on Darboux’s approach to integration, which is very similar to Riemann’s but with some
simplifications.

Definition 1.3: Darboux Integration

Let B =
∏d

i=1[ai, bi] be a closed box in Rd, and let f : B → R be a bounded function.

• A Darboux partition of B is a family of finite sequences (xi,j)1≤i≤d,0≤j≤ni
such that

ai = xi,0 < xi,1 < · · · < xi,ni = bi for each i ∈ {1, . . . , d}.

Figure 1.6. A Darboux partition in dimension d = 2 with n1 = 4
and n2 = 6.

• Given a Darboux partition P = (xi,j)1≤i≤d,0≤j≤ni
ofB, the upper and lower Darboux

sums of f over B are given by

UB(f, P ) =
∑

j∈
∏d

i=1{1,...,ni}

sup
x∈Bj

f(x) ·Vol(Bj)

and

LB(f, P ) =
∑

j∈
∏d

i=1{1,...,ni}

inf
x∈Bj

f(x) ·Vol(Bj),

where Bj is the box
∏d

i=1[xi,ji−1, xi,ji ], and Vol(Bj) =
∏d

i=1(xi,ji − xi,ji−1) is the
volume of Bj.

y = f(x)

x

y

y = f(x)

x

y

Figure 1.7. Upper (red) and lower (blue) Darboux sums of a
function f over an interval (d = 1).

• The upper and lower Darboux integral of f over B are

UB(f) = inf{UB(f, P ) : P is a Darboux partition of B}
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and

LB(f) = sup{LB(f, P ) : P is a Darboux partition of B}.
• The function f is Darboux integrable over B if UB(f) = LB(f), and their common
value is called the Darboux integral of f over B and is denoted by

∫
B f(x) dx.

Since Riemann integration is more commonly taught, we mention that the Darboux integral
and the Rieman integral define the same quantity.

Proposition 1.4

A function f is Darboux integrable if and only if it is Riemann integrable. Moreover, the
value of the Darboux integral and the Riemann integral (for a Riemann–Darboux integrable
function) are the same.

Because of its flexibility in terms of the dimension of the ambient Euclidean space, the Riemann–
Darboux integral comes with an attendant notion of size or “hyper-volume” for regions in Euclidean
space: the Jordan content.

Definition 1.5

A bounded set E ⊆ Rd is a Jordan measurable set if 1E is Riemann–Darboux integrable
over a box containing E. The Jordan content of a Jordan measurable set E is the value
J(E) =

∫
B 1E(x) dx, where B is any closed box containing E.

Jordan measurable sets include basic geometric objects such as polyhedra, conic sections, re-
gions bounded by finitely many smooth curves/surfaces, etc. The basic building blocks for Jordan
measurable sets are what are called simple sets (or elementary sets).

Definition 1.6

An interval in R is a set of the form (a, b), [a, b), (a, b], or [a, b] for some real numbers a ≤ b.

A box in Rd is a set of the form B =
∏d

i=1 Ii, where I1, . . . , Id are intervals. A set S ⊆ Rd is

a simple set (or elementary set) if it is a finite union of boxes S =
⋃k

j=1Bj .

If the boxes B1, . . . , Bk are disjoint, then the volume of the simple set S =
⋃k

j=1Bj is Vol(S) =∑k
j=1Vol(Bj). If some of the boxes intersect, then the volume of S =

⋃k
j=1Bj can be computed

using inclusion-exclusion:

Vol(S) =

k∑
j=1

Vol(Bj)−
∑

1≤j1<j2≤k

Vol(Bj1 ∩Bj2) +
∑

1≤j1<j2<j3≤k

Vol(Bj1 ∩Bj2 ∩Bj3)− . . .

This expression is well-defined, since the intersection of two boxes is again a box. A Jordan
measurable set is a set that is “well-approximated” by simple sets, as we will make precise now.

Definition 1.7

For a bounded set E ⊆ Rd, define the inner and outer Jordan content by

J∗(E) = sup {Vol(S) : S ⊆ E is a simple set} .

8



and

J∗(E) = inf {Vol(S) : S ⊇ E is a simple set} .

The inner Jordan content can be viewed as a generalization of the method of approximation by
inscribed polygons and the outer Jordan content as a generalization of the method of approximation
by circumscribed polygons. In order to make sense of the size of an object using the Jordan content,
the inscribed and circumscribed regions must approach the same size. In other words, Jordan
measurable sets are those for which this extended method of exhaustion successfully converges.
This is made precise by the following theorem.

Theorem 1.8

Let E ⊆ Rd be a bounded set. The following are equivalent:

(i) E is Jordan measurable;
(ii) J∗(E) = J∗(E) (in which case J(E) is equal to this same value);
(iii) J∗(∂E) = 0.

We do not include a proof of Theorem 1.8 but indicate its core content in Figure 1.8.

Figure 1.8. Simple sets approximating the inner (red) and outer Jordan content
(blue) of a region in dimension d = 2. With the red boxes removed from the blue,
we get a simple set covering the boundary (in green).

While the family of Jordan measurable sets is quite vast, a consequence of Theorem 1.8 is that
not all sets are Jordan measurable.

Example 1.9

The sets Q ∩ [0, 1] and [0, 1] \Q are not Jordan measurable.

In addition to the above example, there are many other “nice” sets that are not Jordan mea-
surable. There are, for instance, bounded open sets in R that are not Jordan measurable. We will
work out one such example in detail.

Example 1.10

The complement U of the fat Cantor set (also known as the Smith–Volterra–Cantor set)
K ⊆ [0, 1] is Jordan non-measurable. We construct K iteratively, starting from [0, 1], by
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removing intervals of length 4−n at step n. In other words, at step n, we remove an interval
of length 4−n around each rational point with denominator 2n.

Figure 1.9. Iterative construction of the fat Cantor set.

Let

U =
∞⋃
n=0

2n⋃
j=1

(
2j + 1

2n+1
− 1

2 · 4n+1
,
2j + 1

2n+1
+

1

2 · 4n+1

)
.

Then K = [0, 1] \ U . The inner Jordan content of U is

J∗(U) =

∞∑
n=0

2n∑
j=1

Len

(
2j + 1

2n+1
− 1

2 · 4n+1
,
2j + 1

2n+1
+

1

2 · 4n+1

)
=

∞∑
n=0

2n· 1

4n+1
=

1

4

∞∑
n=0

2−n =
1

2
.

However, U = [0, 1] (since U contains every rational number whose denominator is a
power of 2), so the outer Jordan content of U is J∗(U) = J∗([0, 1]) = 1.

6. Set Theory, Choice, and the Impossibility of Measuring Everything

As mathematicians continued the quest for formalization, the notion of “geometric object”
continued to expand in possible meaning. With set theory taking its place at the foundations of
mathematics, one could now dream of perhaps assigning a size to arbitrary subsets of Euclidean
space. Giuseppe Vitali dashed such hopes with a clever construction in 1905.

Thus far, our discussion of the notion of size has been largely based on geometric intuition. In
order to say that there exists a set incapable of being assigned a sensible notion of size, we now take
an axiomatic approach and reformulate (a version of) the problem of measurement as a concrete
mathematical statement.

Problem 1.11: The Problem of Measurement (Strong Form)

Let d ∈ N. Does there exists a notion of d-dimensional volume Vol, defined for all subsets of
Rd, such that

• normalized: Vol([0, 1)d) = 1;
• isometry-invariant: if A and B are isometric, then Vol(A) = Vol(B);
• countably additive: if E1, E2, . . . are pairwise disjoint, then Vol

(⊔
n∈NEn

)
=∑∞

n=1Vol(En).

Vitali showed that Problem 1.13 has a negative answer even for d = 1.

Theorem 1.12

There is no normalized, translation-invariant, countably additive function defined for all
subsets of R.
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Proof. Define an equivalence relation on [0, 1) by x ∼ y if y − x ∈ Q. By the axiom of choice,
let E ⊆ [0, 1) be a set containing exactly one representative of each equivalence class. For each
t ∈ Q ∩ [0, 1), let Et = {x+ t mod 1 : x ∈ E} ⊆ [0, 1).

Claim 1. The sets (Et)t∈Q∩[0,1) are pairwise disjoint.

For t, s ∈ Q ∩ [0, 1) and x, y ∈ E, if x+ t ≡ y + s (mod 1), then

y − x ≡ t− s (mod 1),

so x ∼ y. But E contains only one element from each equivalence class, so x = y and t = s.

Claim 2.
⊔

t∈Q∩[0,1)Et = [0, 1)

Let x ∈ [0, 1). Then there exists y ∈ E with y ∼ x, since E has a representative of each
equivalence class. Let t = x− y mod 1 ∈ Q ∩ [0, 1). Then

y + t ≡ x (mod 1).

so x ∈ Et.

Suppose for contradiction that L is a normalized, translation-invariant, countably additive
function defined for all subsets of R.

Claim 3. For every t ∈ Q ∩ [0, 1), L(Et) = L(E).

We can write
Et = ((E + t) ∩ [0, 1)) ⊔ ((E + t) ∩ [1, 2)− 1) .

Therefore, by translation-invariance,

L(Et) = L(E + t) = L(E).

Combining Claims 1–3 and using countable additivity of L,

1 = L([0, 1)) =
∑

t∈Q∩[0,1)

L(Et) =
∑

t∈Q∩[0,1)

L(E) = ∞ · L(E).

But there is no value of L(E) that can satisfy this equation, so we have reached a contradiction.
□

Confronted with Vitali’s example, one must make some compromise. In order to comport with
an intuitive meaning of “size,” normalization and isometry-invariance appear absolutely essential.
This leaves two options: (1) restrict the domain of the volume function to only assign size to a
certain subclass of “nice” sets and hope to avoid the pathologies of the Vitali sets, or (2) sacrifice
countable additivity for the weaker notion of finite additivity. We address the two possibilities in
turn, starting with the latter. Relaxing our additivity assumption to finite additivity, we arrive at
a new form of the problem of measurement.

Problem 1.13: The Problem of Measurement (Weak Form)

Let d ∈ N. Does there exists a notion of d-dimensional volume Vol, defined for all subsets of
Rd, such that
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• normalized: Vol([0, 1)d) = 1;
• isometry-invariant: if A and B are isometric, then Vol(A) = Vol(B);
• finitely additive: if A and B are disjoint, then Vol (A ⊔B) = Vol(A) + Vol(B).

Surprisingly, the solvability of this weak form of the problem of measurement depends on the
dimension d. The problem was solved by Banach in dimensions d = 1 and d = 2 using a version
of the Hahn–Banach theorem from functional analysis. However, in dimensions 3 and higher, a
paradoxical situation emerges.

Theorem 1.14: Banach–Tarski Theorem

Let d ≥ 3. Given any two bounded regions A,B ⊆ Rd, both with nonempty interior, there
exist partitions A = A1 ⊔ . . . ⊔Ak and B = B1 ⊔ . . . Bk for some k ∈ N such that Ai and Bi

are congruent for each i ∈ {1, . . . , k}. In particular, the unit ball can be decomposed into
finitely many pieces and reassembled into two congruent copies of the unit ball.

Thus, at least in high dimensional situations, even with weaken the notion of “size” to only
be finitely additive, there is no consistent way to measure every subset of Rd. There is also good
reason to insist on the property of countable additivity. For example, finitely-additive notions of
measure produce integrals that do not interact with limits in the way that one might hope. For
ease of exposition, we give an example with the Riemann integral, but similar examples can be
constructed for any notion of integration that fails to be countably additive (including Banach’s
notion of integration in dimensions 1 and 2).

Example 1.15

Enumerate the set Q ∩ [0, 1] = {q1, q2, . . . }. Let fn : [0, 1] → [0, 1] be the function

fn(x) =

{
1, if x ∈ {q1, . . . , qn}
0, otherwise.

Then fn is Riemann integrable and fn → 1Q∩[0,1] pointwise, but 1Q∩[0,1] is not Riemann
integrable.

Gathering all of our observations thus far, the best we can hope for in addressing the problem
of measurement is to exhibit a rich class of “measurable sets” (including, for example, polygons,
circles, open sets2, and general Jordan-measurable sets) for which we can define a normalized,
translation-invariant, and countably additive notion of measure.

7. The Solution of Lebesgue

The Jordan non-measurable set in Example 1.10 appears to have a sensible notion of “length.”
Indeed, the complement U , being a disjoint union of intervals, could be reasonably assigned as
a “length” the sum of the lengths of the (countably many) intervals of which it is made. This
produces a value of 1

2 for the length of U , and so we should take K to also have length 1
2 , since

K ⊔ U = [0, 1] is an interval of length 1. The feature that U is a disjoint union of intervals turns
out to not be any special feature of U at all but instead a general feature of open sets in R.

2Example 1.10 shows that there are open sets that are not Jordan-measurable, so we need a more general
construction to handle arbitrary open sets.
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Proposition 1.16

Let U ⊆ R be an open set. Then U can be expressed as a countable disjoint union of open
intervals.

By Proposition 1.16, it seems reasonable to define the length of an open set U ⊆ R as follows.
Write U = (a1, b1) ⊔ (a2, b2) ⊔ . . . as a disjoint union of open intervals, and define its length as
(b1−a1)+(b2−a2)+ . . . . Then open sets may play the role that simple sets played in the definition
of the Jordan content, and this leads to the Lebesgue measure.

Remark. In higher dimensions, Proposition 1.16 needs to be modified, but one can still rea-
sonably talk about the d-dimensional volume of open sets in Rd. The key is to replace open

intervals with half-open boxes
∏d

i=1[ai, bi).

Definition 1.17

Let E ⊆ Rd.

• The outer Lebesgue measure of E is the quantity

λ∗(E) = inf {Vol(U) : U ⊇ E is open}

= inf


∞∑
j=1

Vol(Bj) : B1, B2, . . . are boxes, and E ⊆
∞⋃
j=1

Bj

 .

• The set E is Lebesgue measurable (with Lebesgue measure λ(E) = λ∗(E)) if for
every ε > 0, there exists an open set U ⊆ Rd such that E ⊆ U and λ∗(U \ E) < ε.

Proposition 1.18

If E ⊆ Rd is Jordan measurable, then E is Lebesgue measurable and J(E) = λ(E).

The family of Lebesgue measurable sets is much larger than the family of Jordan measurable
sets. Among the several nice properties of the Lebesgue measure (and abstract measures) that we
will see later in the course are:

Proposition 1.19

(1) If (En)n∈N are Lebesgue measurable sets, then
⋃∞

n=1En and
⋂∞

n=1En are Lebesgue
measurable.

(2) If (En)n∈N are pairwise disjoint and Lebesgue measurable, then λ (
⊔∞

n=1En) =∑∞
n=1 λ(En).

(3) if A and B are congruent, then λ(A) = λ(B).
(4) If E1 ⊆ E2 ⊆ · · · ⊆ Rd are Lebesgue measurable sets, then λ (

⋃∞
n=1En) = limn→∞ λ(En).

(5) If E1 ⊇ E2 ⊇ . . . are Lebesgue measurable subsets of Rd and λ(E1) < ∞, then
λ (
⋂∞

n=1En) = limn→∞ λ(En).

The “continuity” properties expressed in items (4) and (5) result in a corresponding notion of
integration that is able to interact desirably with pointwise limits, overcoming the shortcomings of
the Riemann integral illustrated in Example 1.15.
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8. Applications of Abstract Measure Theory

The mathematical language and tools encompassed in measure theory play a foundational role
in many other areas of mathematics. A highly abbreviated sampling follows.

Probability Theory. Measure theory provides the axiomatic foundations of probability theory,
providing rigorous notions of random variables and probabilities of events. Important limit laws
(the law of large numbers and central limit theorem, for example) are phrased mathematically using
measure-theoretic notions of convergence.

Fourier Analysis. Periodic (say, continuous or Riemann-integrable) functions on the real line

have corresponding Fourier series representations f(x) ∼
∑

n∈Z f̂(n)e
2πinx. The functions e2πinx

are orthonormal, and Parseval’s identity gives
∑

n∈Z |f̂(n)|2 =
∫ 1
0 |f(x)|2 dx. Given a sequence

(an)n∈N, one may ask whether
∑

n∈Z ane
2πinx is the Fourier expansion of some function f , and if

so, what properties does f have? Another natural question is whether the series
∑

n∈Z f̂(n)e
2πinx

actually converges to the function f , and if so, in which sense? Both of these questions are properly
answered in a measure-theoretic framework. If one is interested in decomposing functions defined
on other groups (for instance, on compact abelian groups) into their Fourier series, then one also
needs to develop a method of integrating functions on groups in order to compute Fourier coeffi-
cients and make sense of Parseval’s identity.

Functional Analysis and Operator Theory. When one studies familiar concepts from linear
algebra in infinite-dimensional spaces, measures become unavoidable for many tasks. For example,
versions of the spectral theorem (generalizing the representation of suitable matrices in terms of
their eigenvalues and eigenvectors) for operators on infinite-dimensional spaces require the abstract
notion of a measure.

Ergodic Theory. Ergodic theory was developed to study the long-term statistical behavior of dy-
namical (time-dependent) systems, providing a framework to resolve important problems in physics
related to the “ergodic hypothesis” in thermodynamics and the “stability” of the solar system. It
turns out that the appropriate mathematical formalism for understanding these problems comes
from abstract measure theory.

Fractal Geometry. Self-similar geometric objects such as the Koch snowflake, Sierpiński carpet,
and the middle-thirds Cantor set (see Figure 1.10) can be meaningfully assigned a notion of “dimen-
sion” that can take a non-integer value. How does one determine the dimension of a fractal object?
There are several different approaches to dimension, but one of the most popular is the Hausdorff
dimension, which relies on a family of measures that interpolate between the integer-dimensional
Lebesgue measures.
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Figure 1.10. Fractal shapes: the Koch snowflake (left) of Hausdorff dimension
log 4
log 3 ≈ 1.26, Sierpiński carpet (middle) of dimension log 8

log 3 ≈ 1.89, and middle-thirds

Cantor set (right) of dimension log 2
log 3 ≈ 0.63.
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CHAPTER 2

Measure Spaces

Learning Objectives

At the end of this chapter, you will be able to:

• Define the fundamental objects in measure theory (measurable sets, measurable
functions, and measures)

• Identify and utilize tools for proving measurability of functions
• Prove basic properties of measures

1. σ-Algebras

Before defining measures, we must determine which subsets of a given set X we would like to be
able to measure. Of course, in the best case scenario, we may hope to measure every subset of X.
However, as demonstrated by Theorem 1.12, attempting to measure every set is often incompatible
with other desirable properties for a measure. Thus, instead of insisting that a measure be defined
for arbitrary subsets, we will be satisfied with having a sufficiently rich class of “measurable”
subsets. What properties should we impose on this class? Certainly, we want the full space X
to be measurable, and we should allow ourselves to perform the basic set-theoretic operations
(complements, unions, and intersections). Allowing finite unions and intersections leads to the
concept of an algebra of sets. Algebras are a very useful notion, but (as we saw with the Jordan
content in the previous chapter) they are insufficient for appropriately handling limits. We will
therefore upgrade from algebras to σ-algebras:

Definition 2.1

Let X be a set. A σ-algebra on X is a family B ⊆ P(X) of subsets of X with the following
properties:

• X ∈ B;
• If B ∈ B, then X \B ∈ B;
• If (Bn)n∈N is a countable family of elements of B, then

⋃
n∈NBn ∈ B.

Remark. In the definition of a σ-algebra, we have made no explicit mention of intersections.
However, by De Morgan’s laws, we can also generate countable intersection of sets:⋂

n∈N
Bn = X \

(⋃
n∈N

(X \Bn)

)
.

Example 2.2

Some examples of σ-algebras include the following:

• For any set X, the power set P(X) is a σ-algebra, as is the pair {∅, X}.
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• The family B = {B ⊆ R : either B or R \ B is countable} of countable and co-
countable subsets of R is a σ-algebra.

• Unions of unit-length intervals in R form a σ-algebra B =
{⋃

n∈S [n, n+ 1) : S ⊆ Z
}
.

The basic object of study in abstract measure theory is a measurable space, which is a set for
which we have designated a σ-algebra of measurable sets. More formally, we have the following
definition.

Definition 2.3

A measurable space is a pair (X,B), where X is a set and B is a σ-algebra on X. Elements
of the σ-algebra B are called measurable sets.

In order to produce a wider variety of examples of σ-algebras than what appears in Example
2.2, it is helpful to have a general construction for producing a σ-algebra from a given family of
sets. For example, in a topological space, it is natural to insist that all open sets be measurable.
But then we need a method for producing a σ-algebra that contains all of the open sets (and is not
the power set P(X), as this may contain pathological examples like the Vitali sets that make it
impossible to define interesting measures). The following property of σ-algebras enables the desired
general constructing of σ-algebras.

Proposition 2.4

Suppose (Bi)i∈I is a family of σ-algebras on X. Then
⋂

i∈I Bi is a σ-algebra.

Proof. Let B =
⋂

i∈I Bi.
For every i ∈ I, we have X ∈ Bi, so X ∈ B.
Suppose B ∈ B. Then B ∈ Bi for every i ∈ I, so X \ B ∈ Bi for every i ∈ I. Hence,

X \B ∈ B.
Let (Bn)n∈N be a countable family of sets in B. For each i ∈ I, the sets (Bn)n∈N belong to

Bi, so
⋃

n∈NBn ∈ Bi. Therefore,
⋃

n∈NBn ∈ B. □

Definition 2.5

The σ-algebra generated by a family S ⊆ P(X) is the smallest σ-algebra containing S,
denoted by σ(S).

Remark. Note that σ(S) is well-defined by Proposition 2.4:

σ(S) =
⋂

{B : B is a σ-algebra on X,S ⊆ B} .

In topological spaces (such as the real line), we will often consider the σ-algebra generated by
the topology.

Definition 2.6

Let (X, τ) be a topological space. The Borel σ-algebra is the σ-algebra generated by the
open subsets of X, i.e. Borel(X) = σ(τ).
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Borel sets can be placed in a hierarchy in terms of their level of complexity. At the simplest
level are the open (G) and closed (F ) sets. Next come countable intersections of open sets (Gδ

sets) and countable unions of closed sets (Fσ sets) and so on.

Σ0
1 = G Π0

2 = Gδ Σ0
3 = Gδσ Π0

4 = Gδσδ . . . Σ0
ω . . .

Π0
1 = F Σ0

2 = Fσ Π0
3 = Fσδ Σ0

4 = Fσδσ . . . Π0
ω . . .

⋂
c

⋃
c

⋂
c

⋃
c

⋃
c

⋂

⋃ ⋂ ⋃ ⋂ ⋂ ⋃

Figure 2.1. The Borel hierarchy for subsets of a topological space.

The placement of a (Borel) set within the Borel hierarchy is a useful notion of “complexity”
for sets. Intuitively speaking, if a set is lower down in the Borel hierarchy, then it is in some sense
easier to define than a set higher up the hierarchy. Determining where sets occur in the Borel
hierarchy (or if they are Borel at all) is a common theme in an area of mathematical logic known as
descriptive set theory. We will largely not concern ourselves with such problems in this course, but
some suggested additional reading appears at the end of this chapter for those who are interested.

2. Measurable Functions

Recall that a function f : X → Y from one topological space to another is continuous if the
preimage of every open set in Y is open in X. Measurable functions are defined analogously, but
with “open” replaced by “measurable.”

Definition 2.7

Let (X,B) and (Y, C) be measurable spaces. A function f : X → Y is measurable if for every
C ∈ C, one has f−1(C) ∈ B.

Some basic properties of measurable functions that will be used frequently are as follows:

Proposition 2.8

(1) Let (X,B), (Y, C), and (Z,D) be measurable spaces. Let f : X → Y and g : Y → Z be
measurable functions. Then g ◦ f : X → Z is measurable.

(2) Let (X,B) and (Y, C) be measurable spaces, and let f : X → Y . Suppose S ⊆ P(Y ) is a
family of sets such that σ(S) = C. If f−1(S) ∈ B for every S ∈ S, then f is a measurable
function.

(3) Suppose X and Y are topological spaces and B = Borel(X) and C = Borel(Y ) are the
Borel σ-algebras on X and Y respectively. Then every continuous function f : X → Y
is measurable.

Proof. (1) Let D ∈ D. Since g is measurable, we have C = g−1(D) ∈ C. Then since f is
measurable, B = f−1(C) ∈ B. But B = f−1(g−1(D)) = (g ◦ f)−1(D), so g ◦ f is measurable.

(2) Let F = {E ⊆ Y : f−1(E) ∈ B}. We claim that F is a σ-algebra. Then since S ⊆ F ,
we conclude that C = σ(S) ⊆ F , so f is measurable. Let us now prove the claim:

• f−1(Y ) = X ∈ B, so Y ∈ F .
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• Suppose E ∈ F . Then f−1(Y \ E) = X \ f−1(E)︸ ︷︷ ︸
∈B

∈ B, so Y \ E ∈ F .

• Suppose E1, E2, · · · ∈ F , and let E =
⋃

n∈NEn. Then

f−1(E) =
⋃
n∈N

f−1(En)︸ ︷︷ ︸
∈B

∈ B,

so E ∈ F .

This proves that F is a σ-algebra on Y .

(3) This follows from (1) by taking S to be the collection of open sets in Y . □

3. The Extended Real Numbers and Extended Real-Valued Functions

One obtains an important class of measurable functions when one considers functions defined
on a measurable space taking real values. For many applications and in order to account more
fully for limits of functions, it is often convenient to work with the slightly more general concept
of extended real-valued functions.

Definition 2.9

The extended real numbers are the set [−∞,∞] = R∪{∞,−∞} with the following topological
and algebraic properties:

• The topology on [−∞,∞] is generated by open intervals (a, b) with a, b ∈ R and
sets of the form (a,∞] = (a,∞)∪{∞} and [−∞, b) = (−∞, b)∪{−∞} for a, b ∈ R.

• Addition is extended as a commutative operation with ∞+ x = ∞ and −∞+ x =
−∞ for real numbers x ∈ R. For addition of two infinite quantities, we define
∞+∞ = ∞ and −∞+ (−∞) = −∞. However, −∞+∞ is undefined.

• Multiplication is also extended as a commutative operation with the properties

x ∈ (0,∞) =⇒ ∞ · x = ∞ and −∞ · x = −∞;

x ∈ (−∞, 0) =⇒ ∞ · x = −∞ and −∞ · x = ∞.

By convention, we define ∞ · 0 = −∞ · 0 = 0. Multiplication of infinities is defined
by ∞ ·∞ = (−∞) · (−∞) = ∞, and −∞ ·∞ = −∞.

The topology we have defined on [−∞,∞] is the two-point compactification of R. You will
check in the exercises that [−∞,∞] is indeed a compact space (that is homeomorphic to a closed
interval, say [0, 1]). The algebraic operations on [−∞,∞] are all as one would expect, with one
exception: ∞·0 is often considered as an “indeterminate form”, but here we have given it a definite
value of 0. The reason for this convention is the following proposition, which you will also prove in
the exercises:

Proposition 2.10

Let (xn)n∈N be a sequence in [−∞,∞], and let c ∈ R. If (xn)n∈N converges to an extended
real number, then the sequence (cxn)n∈N also converges, and

lim
n→∞

(cxn) = c · lim
n→∞

xn. (2.1)

Proof. Exercise. □
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In order to have the desirable property (2.1), one has no choice but to define ∞ · 0 = 0: by
taking the sequence xn = n, we have

0 · ∞ = 0 · lim
n→∞

n = lim
n→∞

(0 · n) = 0.

Warning: Property (2.1) does not hold for c ∈ {∞,−∞}, as can be seen by taking a sequence
(xn)n∈N that converges to 0.

We say that an extended real-valued function f : X → [−∞,∞] defined on a measurable
space (X,B) is B-measurable (or simply measurable) if it is measurable as a function between the
measurable spaces (X,B) and ([−∞,∞],Borel([−∞,∞])). Since we will always take the same σ-
algebra on [−∞,∞], we omit explicit reference to the Borel σ-algebra when discussing measurable
extended real-valued functions.

Proposition 2.11

Let (X,B) be a measurable space.

(1) Let f : X → [−∞,∞]. The following are equivalent:
(a) f is measurable;
(b) for every c ∈ R, f−1((c,∞]) ∈ B;
(c) for every c ∈ R, f−1([c,∞]) ∈ B;
(d) for every c ∈ R, f−1([−∞, c)) ∈ B;
(e) for every c ∈ R, f−1([−∞, c]) ∈ B.

(2) Suppose (fn)n∈N is a sequence of measurable functions fromX to [−∞,∞]. The following
functions are also measurable:
(a) supn∈N fn;
(b) infn∈N fn;
(c) lim supn→∞ fn;
(d) lim infn→∞ fn.

(3) Suppose f, g : X → R are measurable functions. Then f + g and f · g are measurable.

Notation. For convenience, we will often write sets of the form f−1((c,∞]) as {f > c} and
similarly for {f ≥ c}, {f < c}, and {f ≤ c}.

Proof of Proposition 2.11. (1) By Proposition 2.8(2), it suffices to check that each of the
relevant collections of intervals generates the Borel σ-algebra on [−∞,∞]. Let us show that the
collection of intervals (c,∞] for c ∈ R generates the Borel σ-algebra. All of the other proofs are
similar, so we omit them.

Let S = {(c,∞] : c ∈ R}. Note that every element of S is open in [−∞,∞], so σ(S) ⊆
Borel([−∞,∞]). On the other hand, we can write (a, b] = (a,∞] \ (b,∞] for a, b ∈ R, a < b.
Every open set in R is a countable (disjoint) union of such intervals, so every open subset of R
is contained in σ(S). We obtain the additional open sets in [−∞,∞] from the rays (c,∞] ∈ S
and

[−∞, c) =
⋃
n∈N

[
−∞, c− 1

n

]
=
⋃
n∈N

(
[−∞,∞] \

(
c− 1

n
,∞
])

∈ σ(S).

Thus, Borel([−∞,∞]) ⊆ σ(S).

(2) We will use (1).
(a) Let f = supn∈N fn. Note that {f > c} =

⋃
n∈N{fn > c}. Each of the sets {fn > c}

belongs to B, so {f > c} ∈ B.
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(b) Similarly to (a), letting f = infn∈N fn, we may express {f < c} =
⋃

n∈N {fn < c}︸ ︷︷ ︸
∈B

∈ B.

(c) Recall that lim supn→∞ fn = infk∈N supn≥k fn, so measurability of lim supn→∞ fn follows
from (a) and (b).

(d) Similar to (c): lim infn→∞ fn = supk∈N infn≥k fn.

(3) Let A : R2 → R and M : R2 → R be the maps A(x, y) = x + y and M(x, y) =
xy. Both of the maps A and M are continuous and therefore (Borel) measurable. Moreover,
(f + g)(x) = A(f(x), g(x)) and (f · g)(x) =M(f(x), g(x)). Since the composition of measurable
maps is measurable (see Proposition 2.8(1)), it suffices to prove h : x 7→ (f(x), g(x)) is a
measurable function from X to R2. By Proposition 2.8(2), we only need to check preimages of
sets generating the Borel σ-algebra on R2. For convenience, we will take the boxes [a, b)× [c, d)
(the first homework problem was to show that every open set in R2 is a countable (disjoint)
union of such boxes, so they generate the Borel σ-algebra). Observe that

h−1([a, b)× [c, d)) = f−1([a, b)) ∩ g−1([c, d)) ∈ B,
since f and g are measurable, so h is indeed a measurable function. □

Example 2.12

Let (X,B) be a measurable space and E ⊆ X. The function 1E is measurable if and only if
E ∈ B.

4. Measures

We are now prepared to define measures on abstract measurable spaces.

Definition 2.13

Let (X,B) be a measurable space. A measure on (X,B) is a function µ : B → [0,∞] such
that

• µ(∅) = 0;
• countable additivity: for any sequence (En)n∈N of pairwise disjoint elements of
B, one has µ

(⊔
n∈NEn

)
=
∑

n∈N µ(En).

The triple (X,B, µ) is called a measure space.

Nontrivial examples of measures take some effort to construct, and we will spend significant
portions of the course discussing different methods for constructing interesting measures. However,
there are a few immediate examples that do not require complicated constructions.

Example 2.14

Examples of measures include:

• For any set X, the counting measure is a measure defined on the σ-algebra P(X)
by µ(E) = |E| if E is a finite set and µ(E) = ∞ if E is an infinite set.

• Given a point x ∈ X, the Dirac measure defined on P(X) is the measure δx(E) = 1
if x ∈ E and δx(E) = 0 if x /∈ E.

We will use the following basic properties of measures frequently throughout this course:
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Proposition 2.15

Let (X,B, µ) be a measure space.

(1) monotonicity: For any A,B ∈ B, if A ⊆ B, then µ(A) ≤ µ(B).
(2) countable sub-additivity: For any sequence (En)n∈N in B,

µ

(⋃
n∈N

En

)
≤
∑
n∈N

µ(En).

(3) continuity from below: If E1 ⊆ E2 ⊆ · · · ∈ B, then

µ

(⋃
n∈N

En

)
= lim

n→∞
µ(En).

(4) continuity from above: If E1 ⊇ E2 ⊇ · · · ∈ B and µ(E1) <∞, then

µ

(⋂
n∈N

En

)
= lim

n→∞
µ(En).

Proof. (1) Write B = A ⊔ (B \ A). Then µ(B) = µ(A) + µ(B \ A) ≥ µ(A), since µ takes
nonnegative values.

(2) Define a new sequence of sets E′
n by E′

1 = E1 and E′
n = En \

⋃n−1
j=1 Ej for n ≥ 2. Then

the sets (E′
n)n∈N are pairwise disjoint and satisfy E′

n ⊆ En and
⊔

n∈NE
′
n =

⋃
n∈NEn. Therefore,

µ

(⋃
n∈N

En

)
= µ

(⊔
n∈N

E′
n

)
=
∑
n∈N

µ(E′
n) ≤

∑
n∈N

µ(En),

where in the last step we have applied monotonicity of µ (property (1)).

(3) Let E′
1 = E1 and E′

n = En \En−1 for n ≥ 2. For convenience, we will set E0 = ∅ so that
we also have E′

1 = E1 \ E0. Then

µ

(⋃
n∈N

En

)
= µ

(⊔
n∈N

E′
n

)
=
∑
n∈N

µ(E′
n)

(∗)
=
∑
n∈N

(µ(En)− µ(En−1))
(∗∗)
= lim

n→∞
µ(En).

The step (∗) uses additivity of µ, and (∗∗) comes from the telescoping of the sum.

(4) Define a new sequence An = E1 \ En. Then ∅ = A1 ⊆ A2 ⊆ . . . , so

µ

(⋃
n∈N

An

)
= lim

n→∞
µ(An)

by (3). But
⋃

n∈NAn = E1 \
⋂

n∈NEn, so

µ(E1)− µ

(⋂
n∈N

En

)
= µ

(⋃
n∈N

An

)
= lim

n→∞
µ(An) = µ(E1)− lim

n→∞
µ(En),

whence we deduce that (4) holds, since µ(E1) <∞. □
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Example 2.16

Property (4) may fail if µ(E1) = ∞. Let X = N, B = P(N), and let µ be the counting
measure. Let En = {m ∈ N : m ≥ n}. Then µ(En) = ∞ for every n ∈ N, but

⋂
n∈NEn = ∅,

so

µ

(⋂
n∈N

En

)
= 0 ̸= ∞ = lim

n→∞
µ(En).

Chapter Notes

The content of this chapter is common to every text on abstract measure theory, though the
order of presentation differs. We have elected to follow more or less the order of presentation from
Rudin’s Real and Complex Analysis [Rud87, Chapter 1]. Alternative presentations can be found
in [Fol99, Sections 1.2, 1.3, and 2.1], and [Tao11, Section 1.4].

Introductory texts on measure theory tend not to give much treatment to the Borel hierarchy
or other topics in descriptive set theory (and we will also not expand on such topics within these
lecture notes). Those interested in learning more can take a look at the book of Kechris [Kec95]
and/or the lecture notes of Tserunyan [Tse22], which draw quite heavily on [Kec95].

24



CHAPTER 3

Integration Against a Measure

Learning Objectives

At the end of this chapter, you will be able to:

• Interpret measurability of a function in terms of approximation by simple functions
• Define the integral of a measurable function against a measure
• Prove properties of integration (linearity and fundamental limit theorems)
• Compare and contrast the measure-theoretic approach to integration with the
Riemann–Darboux approach

• Apply the definitions and limit theorems to other problems in combinatorics, prob-
ability, and analysis

Our next task is to develop an integration theory for integrating measurable functions on
abstract measure spaces. In the Riemann–Darboux approach to integration, the strategy is to
approximate a general (integrable) function f : [a, b] → [0,∞) by step functions, for which the
integral is easily defined. This approach has two serious drawbacks that we wish to overcome.
One, which we have seen in Example 1.15, is that the Riemann integral does not interact favorably
with pointwise limits. The other more severe limitation is that step functions are built as piecewise
constant functions on intervals (or boxes in higher dimensions), which uses the underlying geometry
of Euclidean space. In the setting of abstract measure spaces, there is no geometry on which to
rely. In this chapter, we will see that the more general notion of a simple function overcomes both
of the aforementioned issues with the Riemann integral.

1. Integration of Simple Functions

Definition 3.1

Let (X,B) be a measurable space. A simple function is a measurable function s : X → C
taking only finitely many values.

Partitioning X into finitely many pieces corresponding to the values of a simple function s, we
may write simple functions as linear combinations of indicator functions of measurable sets. That
is, s =

∑n
j=1 cj1Ej for some numbers cj ∈ C and measurable sets Ej ∈ B. Given a measure µ on

(X,B), we define the integral of a simple function in the obvious way. To avoid issues with adding
and subtracting infinities, we will deal for now only with nonnegative functions.
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Definition 3.2

Let (X,B, µ) be a measure space and s : X → [0,∞) a simple function. Write s =
∑n

j=1 cj1Ej

with cj ≥ 0 and Ej ∈ B. The integral of s with respect to µ is given by∫
X
s dµ =

n∑
j=1

cjµ(Ej).

Proposition 3.3

The integral of a nonnegative simple function is well-defined. That is, the value of the integral
of a simple function s does not depend on the representation of s as a linear combination of
indicator functions of measurable sets.

Proof. Suppose s =
∑n

j=1 cj1Ej . Let a1, . . . , am be the finite collection of values taken by s, and

let Ak = {s = ak} for k = 1, . . . ,m. Then the sets A1, . . . , Ak partition X, and s =
∑m

k=1 ak1Ak
.

We will show
∑n

j=1 cjµ(Ej) =
∑m

k=1 akµ(Ak).

Define a new collection of sets E′
J =

⋂
j∈J Ej \

⋃
i/∈J Ej for J ⊆ {1, . . . , n}. In other words,

x ∈ E′
J means that x ∈ Ej if and only if j ∈ J . This defines a partition of X (see Figure 3.1).

X

E1

E2

E3
E∅

E{1}

E{2}

E{3}

E{1,2}

E{1,3}

E{2,3}

E{1,2,3}

Figure 3.1. Construction of a partition (E′
J)J⊆{1,...,n} from sets (Ej)j∈{1,...,n}.

Note that the value of s on the set E′
J is c′J =

∑
j∈J cj . We can therefore relate the sets E′

J

to the sets Ak by

Ak =
⊔

J⊆{1,...,n},c′J=ak

E′
J .
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Then on the one hand,
m∑
k=1

akµ(Ak) =
m∑
k=1

ak
∑

J⊆{1,...,n},c′J=ak

µ(E′
J) =

∑
J⊆{1,...,n}

c′Jµ(E
′
J).

On the other hand,
n∑

j=1

cjµ(Ej) =

n∑
j=1

cj
∑

{j}⊆J⊆{1,...,n}

µ(E′
J) =

∑
J⊆{1,...,n}

∑
j∈J

cjµ(E
′
J) =

∑
J⊆{1,...,n}

c′Jµ(E
′
J).

This completes the proof. □

We used a particular representation of a simple function in the previous proof that will continue
to be convenient to work with. Say that

∑n
j=1 cj1Ej is the standard representation of a simple

function s if s =
∑n

j=1 cj1Ej , and the sets E1, . . . , En partition X (that is, they are pairwise

disjoint and their union is X) and the values c1, . . . , cn are distinct.

Proposition 3.4

Let (X,B, µ) be a measure space, let s, t : X → [0,∞) be simple functions, and let c ∈ R,
c ≥ 0. Then

(1)
∫
X cs dµ = c ·

∫
X s dµ;

(2)
∫
X(s+ t) dµ =

∫
X s dµ+

∫
X t dµ;

(3) if s ≤ t, then
∫
X s dµ ≤

∫
X t dµ.

Proof. (1) Let s =
∑n

j=1 cj1Ej . Then cs =
∑n

j=1(ccj)1Ej , so∫
X
cs dµ =

n∑
j=1

(ccj)µ(Ej) = c ·
n∑

j=1

cjµ(Ej) = c ·
∫
X
s dµ.

For (2) and (3), it will be helpful to work with the standard representation, so let s =∑n
j=1 cj1Ej and t =

∑m
k=1 dk1Fk

be the standard representations. Define sets Aj,k = Ej ∩ Fk

for j ∈ {1, . . . , n} and k ∈ {1, . . . ,m}. Then Ej =
⊔m

k=1Aj,k and Fk =
⊔n

j=1Aj,k.

(2) The function s+ t takes the value cj + dk on Aj,k, so∫
X
(s+ t) dµ =

∑
j,k

(cj +dk)µ(Aj,k) =
n∑

j=1

cj

m∑
k=1

µ(Aj,k)︸ ︷︷ ︸
µ(Ej)

+
m∑
k=1

dk

n∑
j=1

µ(Aj,k)︸ ︷︷ ︸
µ(Fk)

=

∫
X
s dµ+

∫
X
t dµ.

(3) By assumption, if Aj,k ̸= ∅, then cj ≤ dk. Thus,∫
X
s dµ =

n∑
j=1

cjµ(Ej) =
∑
j,k

cjµ(Aj,k) ≤
∑
j,k

dkµ(Aj,k) =
m∑
k=1

dkµ(Fk) =

∫
X
t dµ.

□
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Definition 3.5

Let (X,B, µ) be a measure space, s : X → [0,∞) a simple function, and E ∈ B a measurable
set. The integral of s with respect to µ over E is given by∫

E
s dµ =

∫
X
s · 1E dµ.

Note that if s is simple, then s · 1E is also simple, so the above definition makes sense.

Proposition 3.6

Let (X,B, µ) be a measure space, and let s : X → [0,∞) be a simple function. Then

ν(E) =

∫
E
s dµ

defines a measure on (X,B).

Proof. Note that s · 1∅ = 0, so ν(∅) = 0. Suppose (En)n∈N is a pairwise disjoint family of
measurable sets, and let E =

⊔
n∈NEn. Write s =

∑m
j=1 aj1Aj . Then s · 1E =

∑m
j=1 aj1Aj∩E ,

so

ν(E) =
m∑
j=1

ajµ(Aj ∩ E) =
∑
j,n

ajµ(Aj ∩ En) =
∑
n∈N

∫
X
s · 1En dµ =

∑
n∈N

ν(En).

Note that the sum over n is an infinite sum so reordering requires some justification. Fortunately,
all of the values ajµ(Aj∩En) are nonnegative, so the sum can be computed in any order without
changing the value. □

2. Integration of Nonnegative Measurable Functions

We now want to extend the definition of the integral against a measure to all nonnegative
measurable functions. The next proposition shows that simple functions are a sufficiently general
class to approximate arbitrary measurable functions.

Proposition 3.7

Let (X,B) be a measurable space, and let f : X → [0,∞] be measurable. Then there exists a
sequence (sn)n∈N of simple functions such that 0 ≤ s1 ≤ s2 ≤ · · · ≤ f , and sn → f pointwise.

Proof. For n ∈ N, define

sn(x) =

{
a
2n , if a

2n ≤ f(x) < a+1
2n and a < n · 2n.

n, if f(x) ≥ n.

The functions sn are nondecreasing and satisfy sn ≤ f by construction. If f(x) < ∞, then
f(x) − sn(x) < 2−n for all n > f(x), so sn(x) → f(x) as n → ∞. On the other hand, if
f(x) = ∞, then sn(x) = n for every n ∈ N, so sn(x) → ∞ = f(x) as n→ ∞.
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Figure 3.2. Successive approximations of a function f by simple functions.

□

It is therefore reasonable to define the integral of an arbitrary nonnegative measurable function
as follows.

Definition 3.8

Let (X,B, µ) be a measure space, and let f : X → [0,∞] be measurable. We define the
integral of f with respect to µ as∫

X
f dµ = sup

{∫
X
s dµ : s simple and 0 ≤ s ≤ f

}
.

Given a measurable set E ∈ B, the integral of f with respect to µ over E is defined by∫
E
f dµ =

∫
X
f · 1E dµ.

One may object at this point and suggest an alternative definition. Since f : X → [0,∞] can
be obtained as f = limn→∞ sn for an increasing sequence of simple functions 0 ≤ s1 ≤ s2 ≤ . . . ,
why not define

∫
X f dµ = limn→∞

∫
X sn dµ? As we will see shortly, this is in fact an equivalent

definition that is extremely useful for many applications. However, as a definition, it has two
serious defects: why should the limit exist? and why should the value be the same for all possible
approximations by simple functions? This is why we prefer Definition 3.8 above (and why this is
the standard definition across measure theory textbooks).
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Proposition 3.9

Let (X,B, µ) be a measure space, and let f, g : X → [0,∞] be measurable. If f ≤ g, then∫
X
f dµ ≤

∫
X
g dµ.

Proof. It suffices to observe {s simple function : 0 ≤ s ≤ f} ⊆ {s simple function : 0 ≤ s ≤
g}. □

Theorem 3.10: Monotone Convergence Theorem

Let (fn)n∈N be a sequence of measurable functions 0 ≤ f1 ≤ f2 ≤ . . . , and let f = limn→∞ fn.
Then ∫

X
f dµ = lim

n→∞

∫
X
fn dµ.

Remark. Note that a consequence of the monotone convergence theorem is that
∫
X f dµ can

be computed by taking a sequence of simple functions 0 ≤ s1 ≤ s2 ≤ · · · → f and computing
limn→∞

∫
X sn dµ.

Proof of Monotone Convergence Theorem. First, f is a measurable function by Proposi-
tion 2.11. By monotonicity of the integral (Proposition 3.9), the sequence

∫
X fn dµ is increasing,

so limn→∞
∫
X fn dµ = supn∈N

∫
X fn dµ ∈ [0,∞] exists as an extended real number. Moreover,∫

X
f dµ ≥ lim

n→∞

∫
X
fn dµ,

since the inequality holds for each n ∈ N. Therefore, it suffices to show∫
X
f dµ ≤ lim

n→∞

∫
X
fn dµ.

If limn→∞
∫
X fn dµ = ∞, there is nothing to prove, so assume limn→∞

∫
X fn dµ <∞.

Let c < 1. Let s : X → [0,∞) be a simple function, 0 ≤ s ≤ f . For n ∈ N, let En = {fn ≥
cs}. Then E1 ⊆ E2 ⊆ . . . and X =

⋃
n∈NEn. By Proposition 3.6, let ν : B → [0,∞] be the

measure ν(E) =
∫
E s dµ. We have

c ·
∫
X
s dµ = c · ν(X)

= c · lim
n→∞

ν(En) (continuity from below)

= lim
n→∞

c · ν(En) (Proposition 2.10)

= lim
n→∞

∫
En

cs dµ (Proposition 3.4)

≤ lim
n→∞

∫
X
fn dµ (monotonicity).

Taking a supremum over all such simple functions, we conclude

c ·
∫
X
f dµ ≤ lim

n→∞

∫
X
fn dµ.

Letting c→ 1 yields the desired result. □
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Proposition 3.11

Let (X,B, µ) be a measure space, and let f, g : X → [0,∞] be measurable functions. Let
c ∈ [0,∞).

(1)
∫
X cf dµ = c ·

∫
X f dµ.

(2)
∫
X(f + g) dµ =

∫
X f dµ+

∫
X g dµ.

Proof. (1) This follows quickly from the definition of the integral and Proposition 3.4.
(2) We use the monotone convergence theorem. Let 0 ≤ s1 ≤ sn ≤ · · · ≤ f with sn → f and

0 ≤ t1 ≤ t2 ≤ · · · ≤ g with tn → g. Then 0 ≤ s1+ t1 ≤ s2+ t2 ≤ · · · ≤ f +g and sn+ tn → f +g.
Thus, ∫

X
(f + g) dµ = lim

n→∞

∫
X
(sn + tn) dµ (MCT)

= lim
n→∞

∫
X
sn dµ+ lim

n→∞

∫
X
tn dµ (Proposition 3.4)

=

∫
X
f dµ+

∫
X
g dµ (MCT).

□

Theorem 3.12

Let (X,B, µ) be a measure space, and let (fn)n∈N be a sequence of nonnegative measurable
functions, fn : X → [0,∞]. Then∫

X

( ∞∑
n=1

fn

)
dµ =

∞∑
n=1

∫
X
fn dµ.

Proof. We have∫
X

( ∞∑
n=1

fn

)
dµ =

∫
X

lim
N→∞

(
N∑

n=1

fn

)
dµ

= lim
N→∞

∫
X

(
N∑

n=1

fn

)
dµ (MCT)

= lim
N→∞

N∑
n=1

∫
X
fn dµ (additivity of the integral)

=

∞∑
n=1

∫
X
fn dµ.

□

Theorem 3.13: Fatou’s Lemma

Let (X,B, µ) be a measure space. Let (fn)n∈N be a sequence of measurable functions, fn :
X → [0,∞]. Then ∫

X
lim inf
n→∞

fn dµ ≤ lim inf
n→∞

∫
X
fn dµ.
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Proof. Let f = lim infn→∞ fn. Define FN = infn≥N fn. Then 0 ≤ F1 ≤ F2 ≤ . . . and FN → f .
Therefore, ∫

X
f dµ = lim

N→∞

∫
X
FN dµ (MCT)

≤ lim
N→∞

inf
n≥N

∫
X
fn dµ (monotonicity of the integral)

= lim inf
N→∞

∫
X
fn dµ.

□

3. Integration of Real and Complex-Valued Functions

The method for integrating real and complex-valued functions involves decomposing these func-
tions as linear combinations of nonnegative functions. An important observation is that such a
decomposition can be done in a measurable way.

Definition 3.14

Let X be a set and f : X → [−∞,∞]. The positive part f+ and negative part f− of f are
defined by

f+ = max{f, 0} and f− = max{−f, 0}.

Note that f = f+ − f− and |f | = f+ + f−. Moreover, if (X,B) is a measurable space and
f : X → [−∞,∞] is measurable, then f+ and f− are measurable by Proposition 2.11.

Definition 3.15

Let (X,B, µ) be a measure space.

• An extended real-valued measurable function f : X → [−∞,∞] is integrable if∫
X
|f | dµ <∞.

In this case, the integral of f is defined by∫
X
f dµ =

∫
X
f+ dµ−

∫
X
f− dµ.

• A complex-valued measurable function f : X → C is integrable if∫
X
|f | dµ <∞,

and the integral of f is defined by∫
X
f dµ =

∫
X
Re (f) dµ+ i

∫
X
Im (f) dµ.

• Given a measurable set E ∈ B, a measurable function f taking extended real or
complex values is integrable over E if f ·1E is integrable, and the integral of f over
E is ∫

E
f dµ =

∫
X
f · 1E dµ.

Remark. By monotonicity of the integral (Proposition 3.9), if a function is integrable, then it
is also integrable over every measurable subset of X.
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4. Integral Identities and Inequalities

Proposition 3.16: Linearity of the Integral

Let (X,B, µ) be a measure space. Let f, g : X → C be integrable functions, and let c ∈ C.
Then

(1) f + g is integrable, and
∫
X(f + g) dµ =

∫
X f dµ+

∫
X g dµ.

(2) cf is integrable, and
∫
X cf dµ = c

∫
X f dµ.

Proof. (1) First, by the triangle inequality, we have |f + g| ≤ |f |+ |g|. Therefore,∫
X
|f + g| dµ

(∗)
≤
∫
X
(|f |+ |g|) dµ (∗∗)

=

∫
X
|f | dµ+

∫
X
|g| dµ <∞.

In step (∗), we have used monotonicity of the integral (Proposition 3.9), and in (∗∗), we have
used additivity (Proposition 3.11).

Decomposing f and g into their real and imaginary parts, it suffices to prove the identity∫
X(f + g) dµ =

∫
X f dµ +

∫
X g dµ for real-valued functions f and g. Let h = f + g. Then

h = h+ − h− = f+ − f− + g+ − g−. This can be rearranged to the identity h+ + f− + g− =
h−+f++g+. Then using additivity of the integral for nonnegative functions (Proposition 3.11),
we have∫

X
h+ dµ+

∫
X
f− dµ+

∫
X
g− dµ =

∫
X
(h+ + f− + g−) dµ

=

∫
X
(h− + f+ + g+) dµ =

∫
X
h− dµ+

∫
X
f+ dµ+

∫
X
g+ dµ. (3.1)

Rearranging again,∫
X
(f + g) dµ =

∫
X
h+ dµ−

∫
X
h− dµ (Definition 3.15)

=

∫
X
f+ dµ−

∫
X
f− dµ+

∫
X
g+ dµ−

∫
X
g− dµ (by (3.1))

=

∫
X
f dµ+

∫
X
g dµ (Definition 3.15)

(2) Note that |cf | = |c||f |, so∫
X
|cf | dµ =

∫
X
|c||f | dµ (∗)

= |c|
∫
X
|f | dµ <∞,

where (∗) follows from Proposition 3.11. Hence, cf is integrable.
For computing the integral of cf , we consider several different cases.

Case 1. c ≥ 0

When f is nonnegative, we have ∫
X
cf dµ = c

∫
X
f dµ

by Proposition 3.11. The identity follows for a general complex-valued function f by decom-
posing f =

(
Re (f)+ − Re (f)−

)
+ i
(
Im (f)+ − Im (f)−

)
.
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Case 2. c = −1

For real-valued f : X → R, we use the identities (−f)+ = f− and (−f)− = f+ to obtain∫
X
(−f) dµ =

∫
X
f− dµ−

∫
X
f+ dµ = −

∫
X
f dµ.

Complex-valued functions can be handled by decomposing into real and imaginary parts.

Case 3. c ∈ R

Combine Case 1 and Case 2.

Case 4. c = i

Noting that Re (if) = −Im (f) and Im (if) = Re (f), we have∫
X
if dµ =

∫
X
(−Im (f)) dµ+ i

∫
X
Re (f) dµ (Definition 3.15)

= −
∫
X
Im (f) dµ+ i

∫
X
Re (f) dµ (Case 2)

= i

(∫
X
Re (f) dµ+ i

∫
X
Im (f) dµ

)
= i

∫
X
f dµ (Definition 3.15)

Case 5. c ∈ C

Write c = a+ ib with a, b ∈ R. Then∫
X
cf dµ =

∫
X
(af + ibf) dµ

=

∫
X
af dµ+

∫
X
ibf dµ (by (1))

=

∫
X
af dµ+ i

∫
X
bf dµ (Case 3)

= a

∫
X
f dµ+ ib

∫
X
f dµ (Case 4)

= c

∫
X
f dµ.

□

Let (X,B, µ) be a measure space, and denote by L1(µ) the set of integrable functions. Propo-
sition 3.16 shows that L1(µ) is a (complex) vector space. Moreover, in the course of the proof, we
showed ∫

X
|cf | dµ = |c|

∫
X
|f | dµ and

∫
X
|f + g| dµ ≤

∫
X
|f | dµ+

∫
X
|g| dµ.
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In other words, if we let

∥f∥1 =
∫
X
|f | dµ,

then ∥·∥1 defines a seminorm on the vector space of integrable functions on (X,B, µ).

Definition 3.17

Let V be a real or complex vector space. A function ∥·∥ : V → [0,∞) is a seminorm if it
satisfies:

• triangle inequality: ∥u+ v∥ ≤ ∥u∥ + ∥v∥ for all u, v ∈ V , and
• absolute homogeneity: ∥cv∥ = |c| ∥v∥ for all v ∈ V and all scalars c.

A seminorm is a norm if it satisfies the additional property

• positive definite: if v ∈ V and ∥v∥ = 0, then v = 0.

The seminorm ∥·∥1 on the space of integrable functions may not be a norm in general, but
a small modification will turn it into a norm. This will be discussed in greater detail later in
the course, in the context of so-called Lp spaces. One of the important ingredients is a deeper
understanding of null sets, which we will discuss in Section 5 below.

As another basic property of integration, we establish a version of the triangle inequality:

Proposition 3.18: Triangle Inequality for the Integral

Suppose (X,B, µ) is a measure space and f : X → C is an integrable function. Then∣∣∣∣∫
X
f dµ

∣∣∣∣ ≤ ∫
X
|f | dµ.

Proof. First, suppose f is real-valued. Then by the triangle inequality and linearity,∣∣∣∣∫
X
f dµ

∣∣∣∣ = ∣∣∣∣∫
X
f+ dµ−

∫
X
f− dµ

∣∣∣∣ ≤ ∫
X
f+ dµ+

∫
X
f− dµ =

∫
X
|f | dµ.

Now suppose f is complex-valued. Let λ ∈ C with |λ| = 1 such that |
∫
X f dµ| = λ

∫
X f dµ.

Then by Proposition 3.16, ∣∣∣∣∫
X
f dµ

∣∣∣∣ = ∫
X
λf dµ.

Since this is a real number, we then have
∫
X λf dµ =

∫
X Re (λf) dµ, so by monotonicity of the

integral, ∣∣∣∣∫
X
f dµ

∣∣∣∣ = ∫
X
Re (λf) dµ ≤

∫
X
|λf | dµ =

∫
X
|f | dµ.

□

5. Sets of Measure Zero

Definition 3.19

Let (X,B, µ) be a measure space.

• A measurable set N ∈ B is a null set if µ(N) = 0.
• We say that a property holds almost everywhere if there exists a null set N ∈ B
such that the property holds for every point x ∈ X \N .
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Remark. An easy consequence of countable additivity and monotonicity of measures is that
the family N of null sets forms a σ-ideal of B:

• ∅ ∈ N ;
• if A ∈ N and B ∈ B with B ⊆ A, then B ∈ N ; and
• if (Nn)n∈N is a countable family of null sets, then

⋃
n∈NNn ∈ N .

Notation. The phrases “almost everywhere” or “almost every” are often abbreviated by a.e.
or µ-a.e. if the measure needs to be specified. In a statement of the form “Property P holds
a.e.,” we interpret a.e. as “almost everywhere.” For a statement of the form “Property P holds
for a.e. x ∈ X,” we read a.e. as “almost every,” and the meaning is the same as in the previous
example statement.

Null sets naturally arise and play an important role in integration theory. Some examples are
provided by the next three propositions.

Proposition 3.20

Let (X,B, µ) be a measure space. Suppose f : X → [−∞,∞] is an integrable function. Then
f(x) ∈ R for µ-a.e. x ∈ X.

Proof. Let N = {x ∈ R : |f(x)| = ∞}. We want to show that N is a null set. By monotonicity
of the integral (Proposition 3.9),∫

X
|f | dµ ≥

∫
N
|f | dµ = ∞ · µ(N).

On the other hand, by integrability of f ,∫
X
|f | dµ <∞.

Thus, ∞ · µ(N) <∞, so µ(N) = 0. □

Corollary 3.21: Borel–Cantelli Lemma

Let (X,B, µ) be a measure space. Suppose (En)n∈N is a sequence of measurable sets and∑∞
n=1 µ(En) <∞. Then

µ ({x ∈ X : x ∈ En for infinitely many n ∈ N}) = 0.

Proof. One possible proof uses continuity from above of the measure µ. We will now give a
different proof using integration.

Let f =
∑∞

n=1 1En . Note that f(x) = ∞ if and only if x ∈ En for infinitely many n ∈ N. By
Theorem 3.12, ∫

X
f dµ =

∞∑
n=1

∫
X
1En dµ︸ ︷︷ ︸
µ(En)

<∞.

So by Proposition 3.20, f <∞ a.e. That is,

µ ({x ∈ X : x ∈ En for infinitely many n ∈ N}) = µ({f = ∞}) = 0.

□
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Proposition 3.22

Let (X,B, µ) be a measure space, and let f, g : X → C be measurable functions. Suppose
f = g a.e. Then f is integrable if and only if g is integrable. Moreover, if f and g are
integrable, then ∫

X
f dµ =

∫
X
g dµ.

Proof. Let N = {x ∈ X : f(x) ̸= g(x)}. By assumption, N is a null set.

Step 1. Integrability

Suppose f is integrable. Then∫
X
|g| dµ =

∫
X\N

|f | dµ+

∫
N
|g| dµ (linearity of the integral)

≤
∫
X
|f | dµ+∞ · µ(N)︸ ︷︷ ︸

0

(monotonicity of the integral)

=

∫
X
|f | dµ <∞,

so g is integrable. Reversing the roles of f and g proves the converse.

Step 2. Integral

Assume f and g are integrable. Then∣∣∣∣∫
X
g dµ−

∫
X
f dµ

∣∣∣∣ = ∣∣∣∣∫
X
(g − f) dµ

∣∣∣∣ (linearity of the integral)

≤
∫
X
|g − f | dµ (triangle inequality for the integral)

=

∫
X\N

0 dµ+

∫
N
|g − f | dµ (linearity of the integral)

≤ 0 · µ(X \N) +∞ · µ(N) = 0.

□

Proposition 3.23

Let (X,B, µ) be a measure space, and let f : X → [0,∞] be a measurable function. Then∫
X f dµ = 0 if and only if f = 0 a.e.

Proof. If f = 0 a.e., then by Proposition 3.22, f is integrable and∫
X
f dµ =

∫
X
0 dµ = 0 · µ(X) = 0.
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Conversely, suppose
∫
X f dµ = 0. Then by Markov’s inequality (Problem 3 on Exercise

Sheet #3),

µ ({f > c}) ≤ 1

c

∫
X
f dµ = 0

for every c > 0. Therefore, by continuity of µ from below,

µ ({f ̸= 0}) = µ

(⋃
n∈N

{
f >

1

n

})
= lim

n→∞
µ

({
f >

1

n

})
= 0.

That is, f = 0 a.e. □

The examples above (especially Proposition 3.22) show that null sets are negligible from the
point of view of integration, and we can very often ignore modifications that happen on null sets.
There is one subtle issue that requires care, however: in general, a subset of a null set may not be
measurable and non-measurable modifications on null sets may create issues. For this reason, it is
often convenient to work with complete measure spaces, as defined below.

Definition 3.24

A measure space (X,B, µ) is complete if every subset of every null set is measurable. That
is, if E ⊆ X and there exists N ∈ B with E ⊆ N and µ(N) = 0, then E ∈ B.

The following proposition is a useful tool for passing to complete measure spaces.

Proposition 3.25

Let (X,B, µ) be a measure space. Let N = {N ∈ B : µ(N) = 0} be the σ-ideal of µ-null
sets. Then the family B = {E ∪ F : E ∈ B, F ⊆ N ∈ N} is a σ-algebra, and there is a unique
extension µ of µ to B.

Proof. Exercise. □

Definition 3.26

The completion of a measure space (X,B, µ) is the space (X,B, µ), where B and µ are as
defined in Proposition 3.25.

6. The Dominated Convergence Theorem

We have already seen two fundamental convergence theorems for integration against a measure:
the monotone convergence theorem and Fatou’s lemma. We are nearly ready to state another
fundamental result about integration: the dominated convergence theorem. First, we need to
introduce the two notions of convergence that will be related by the dominated convergence theorem.

Definition 3.27

Let (X,B, µ) be a measure space.

• We say that a sequence (fn)n∈N of functions on X converges almost everywhere to
a function f if limn→∞ fn(x) = f(x) for almost every x ∈ X.
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• A sequence (fn)n∈N of integrable functions converges in L1 to f ∈ L1(µ) if

∥fn − f∥1 =
∫
X
|fn − f | dµ→ 0

in R as n→ ∞.

The dominated convergence theorem says that any sequence that converges almost everywhere
and is “L1-dominated” will converge in L1. The precise mathematical formulation is as follows:

Theorem 3.28: Dominated Convergence Theorem

Let (X,B, µ) be a measure space. Let (fn)n∈N be a sequence of integrable functions, fn :
X → C, and let f : X → C be measurable. Suppose

• fn → f a.e., and
• there is an integrable function g : X → [0,∞) such that supn∈N |fn| ≤ g a.e.

Then f is integrable and fn → f in L1(µ). In particular,∫
X
f dµ = lim

n→∞

∫
X
fn dµ.

Proof. First, |f | ≤ |g| a.e., so f is integrable.
Observe:∫

X
2g dµ− lim sup

n→∞

∫
X
|f − fn| dµ = lim inf

n→∞

∫
X
(2g − |f − fn|) dµ

≥
∫
X
lim inf
n→∞

(2g − |f − fn|) dµ (Fatou’s lemma)

=

∫
X
2g dµ (fn → f)

Rearranging, we conclude

lim sup
n→∞

∫
X
|f − fn| dµ ≤ 0.

Using the triangle inequality for the integral,∣∣∣∣∫
X
f dµ−

∫
X
fn dµ

∣∣∣∣ ≤ ∫
X
|f − fn| dµ→ 0,

so ∫
X
f dµ = lim

n→∞

∫
X
fn dµ.

□

The assumption that the sequence (fn)n∈N is “dominated” by an integrable function g is a
necessary assumption to avoid “escape of mass to infinity,” as the following example demonstrates.

Example 3.29

Let X = Z, B = P(Z), and let µ be the counting measure. Let fn = 1{n}. Then fn(x) → 0
for every x ∈ X. However, ∫

X
fn dµ = 1
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for every n ∈ N, while ∫
X

lim
n→∞

fn dµ =

∫
X
0 dµ = 0 ̸= 1.

Chapter Notes

In this chapter, we defined the integral of a real or complex-valued function only in the case that
the function is integrable functions (see Definition 3.15). The reason for insisting on integrability is
to avoid the problematic expression ∞−∞. Nevertheless, as we saw in the definition of the integral
for nonnegative measurable functions, it makes sense in certain instances to consider integrals
taking infinite values. The general case in which we can make sense of the value of the integral of
an extended real-valued function is to define∫

X
f dµ =

∫
X
f+ dµ−

∫
X
f− dµ

whenever at least one of the integrals on the right hand side is finite. For this definition of the
integral, we still have the properties

∫
X cf dµ = c

∫
X f dµ for c ∈ R and |

∫
X f dµ| ≤

∫
X |f | dµ.

However, one needs to be careful when working with sums f + g. For example, if
∫
X f+ dµ = ∞

and
∫
X g− dµ = ∞, then the integral of f + g may be undefined.

For other presentations of integration on abstract measures spaces, see [Fol99, Section 2.1–2.3],
[Rud87, Chapter 1], [SS05, Sections 2.1 and 6.2], and/or [Tao11, Section 1.3 and Subsection 1.4.4].
The development of integration in the books of Folland [Fol99] and Rudin [Rud87] is very similar
to the presentation in these notes. By contrast, Stein and Shakarchi [SS05] and Tao [Tao11]
first develop integration in the special case of the Lebesgue measure before moving to abstract
spaces. The book of Stein and Shakarchi [SS05] also proves the fundamental convergence theorems
in a different order, starting with a special case of the dominated convergence theorem known as
the bounded convergence theorem, and then deducing Fatou’s lemma, the monotone convergence
theorem, and the general case of the dominated convergence theorem.

There is a very nice book of Oxtoby [Oxt80] that develops useful analogies between measure
spaces and topological spaces and includes a discussion of null sets in relation to a σ-ideal of
“topologically negligible” sets called meager sets or sets of first category.
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Part 2

Constructions of Measures





CHAPTER 4

Lebesgue–Stieltjes Measures

Learning Objectives

At the end of this chapter, you will be able to:

• Reinterpret and resolve the problem of measurement in a measure-theoretic frame-
work

• Construct nontrivial measures on the real line

Let us rephrase (an instance of) the problem of measurement using the language of abstract
measure theory developed in Part 1.

Problem 4.1: Problem of Measurement in One Dimension

Construct a measure λ : Borel(R) → [0,∞] such that λ(I) = length(I) for every interval
I ⊆ R. Is there a unique such measure? Can the measure be defined on all subsets of R?

We will address this problem in a more general framework, where we allow for different assign-
ments of measure to intervals.

Definition 4.2

A Borel measure µ : Borel(R) → [0,∞] is locally finite if µ(K) < ∞ for every compact
set K ⊆ R. The distribution function of a locally finite Borel measure µ is the function
Fµ : R → R defined by

Fµ(x) =


µ((0, x]), if x > 0;

0, if x = 0;

−µ((x, 0]), if x < 0.

By monotonicity of the measure µ, its distribution function Fµ is necessarily increasing. More-
over, by continuity from above and below, Fµ is a right-continuous function. The goal of this
chapter is to prove the following theorem:

Theorem 4.3: Existence and Uniqueness of Lebesgue–Stieltjes Measures

Let F : R → R be an increasing, right-continuous function with F (0) = 0. There exists a
σ-algebra MF containing the Borel subsets of R and a complete measure µF : MF → [0,∞]
such that F = FµF . Moreover, if ν : Borel(R) → [0,∞] is a Borel measure satisfying Fν = F ,
then ν = µF |Borel(R), and µF is the completion of ν.
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Definition 4.4

Let F : R → R be an increasing, right-continuous function. The unique complete measure
µF given by Theorem 4.3 is called the Lebesgue–Stieltjes measure associated to F .

Proposition 4.5

Let F be an increasing, right-continuous function, and let µF be the Lebesgue–Stieltjes
measure associated to F . Then

lim
x→∞

F (x) = sup
x∈R

F (x) = µF ((0,∞)) and lim
x→−∞

F (x) = inf
x∈R

F (x) = −µF ((−∞, 0]).

Proof. This is an application of continuity from below of the measure µF . □

Notation. Given an increasing, right-continuous function, we will write F (∞) for the value
limx→∞ F (x) and F (−∞) = limx→−∞ F (x). In general, F (±∞) is an extended real number.

1. The π-λ Theorem and Uniqueness of Lebesgue–Stieltjes Measures

Before constructing Lebesgue–Stieltjes measures, let us prove that every locally finite Borel
measure is uniquely determined by its distribution function. The key tool will be the π-λ theorem,
for which we need a new definition.

Definition 4.6

Let X be a set.

• A family P ⊆ P(X) of subsets of X is a π-system if P is closed under finite
intersections.

• A family L ⊆ P(X) is a λ-system if ∅ ∈ L and L is closed under complements and
countable disjoint unions.

Example 4.7

The following are examples of π systems:

• the collection P = {(a, b] : a, b ∈ R} of half-open intervals in R;
• the family of open sets of any topological space;
• given a measure space (X,B, µ), the family P = {E ∈ B : µ(X \ E) = 0} of co-null
sets;

• given two measurable spaces (X,B) and (Y, C), the family P = {B×C : B ∈ B, C ∈
C} of “rectangles” in X × Y .

Examples of λ-systems include:

• for two probability measures µ, ν on a measurable space (X,B), the family L =
{E ∈ B : µ(E) = ν(E)}.

Another characterization of λ-systems is given by the following proposition:

Proposition 4.8

Let X be a set. A family L ⊆ P(X) is a λ-system if and only if it satisfies the following
three properties:

44



(1) X ∈ L;
(2) if A,B ∈ L and A ⊆ B, then B \A ∈ L;
(3) if A1 ⊆ A2 ⊆ . . . is an increasing sequence in L, then

⋃
n∈NAn ∈ L.

Proof. Suppose L is a λ-system. We check that L satisfies properties (1)–(3).
(1) Since ∅ ∈ L and L is closed under complements, we have X ∈ L.
(2) Let A,B ∈ L with A ⊆ B. Then B \ A = B ∩ Ac = (Bc ∪ A)c. The assumption A ⊆ B

means Bc ∩ A = ∅, so we have represented B \ A in terms of A and B using complementation
and disjoint union. Hence, B \A ∈ L.

(3) Let A1 ⊆ A2 ⊆ . . . be an increasing sequence in L. Let B1 = A1 and Bn = An \ An−1

for n ≥ 2. By property (ii), Bn ∈ L for every n ∈ N. Therefore,
⋃

n∈NAn =
⊔

n∈NBn ∈ L.

Conversely, suppose L ⊆ P(X) is a family of sets satisfying (1), (2), and (3).
Applying property (2) with A = B = X, we have ∅ = X \X ∈ L.
Let A ∈ L. Combining (1) and (2), Ac = X \A ∈ L.
Finally, let (An)n∈N be a pairwise disjoint sequence of sets in L. Then Bn = A1 ⊔ · · · ⊔ An

forms an increasing sequence, so by property (3), it suffices to prove that Bn ∈ L. By induction,
this reduces to showing that the disjoint union of two sets in L is an element of L. Let C,D ∈ L
with C ∩ D = ∅. Then C ⊔ D = (Cc ∩ Dc)c = (Cc \ D)c. We have already checked that L is
closed under complementation. The disjointness of C and D implies D ⊆ Cc, so Cc \D ∈ L by
property (2). Thus, C ⊔D ∈ L. □

Theorem 4.9: π-λ Theorem (Sierpiński–Dynkin)

Let X be a set, and suppose P ⊆ P(X) is a π-system. If L ⊆ P(X) is a λ-system and
P ⊆ L, then σ(P) ⊆ L.

We will prove the π-λ theorem with the help of several lemmas.

Lemma 4.10

Let X be a set. A family B ⊆ P(X) of subsets of X is a σ-algebra if and only if B is both
a π-system and a λ-system.

Proof. The definition of a λ-system is the same as the definition of a σ-algebra, except that one
is only allowed to take unions of disjoint sets in the definition of a λ-system. It therefore suffices
to check that being a π-system as well allows for taking countable unions of not necessarily
disjoint sets.

Suppose E1, E2, · · · ∈ B. Define E′
1 = E1, E

′
2 = E2 \ E1, . . . , E

′
n = En \

⋃n−1
i=1 Ei. Then

E′
1, E

′
2, . . . are pairwise disjoint and satisfy

⊔
n∈NE

′
n =

⋃
n∈NEn, so it suffices to check that

E′
n ∈ B for each n ∈ N. But this is clear upon rewriting E′

n = En∩
⋂n−1

i=1 E
c
i , since E

c
i = X\Ei ∈ B

(by the axioms of a λ-system) and a finite intersection of sets from B belongs to B (by the axioms
of a π-system). □

Lemma 4.11

Let X be a set, and suppose (Li)i∈I is a collection of λ-systems Li ⊆ P(X). Then
⋂

i∈I Li

is a λ-system.
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Proof. The proof is the same as the proof of Proposition 2.4, except we only allow disjoint
unions. □

Definition 4.12

Let X be a set and S ⊆ P(X) a family of subsets of X. The λ-system generated by S is the
smallest λ-system containing S:

λ(S) =
⋂

{L ⊆ P(X) : L is a λ-system,S ⊆ L}.

Lemma 4.13

Let X be a set, and let P ⊆ P(X) be a π-system. The λ-system λ(P) generated by P is a
σ-algebra.

Proof. By Lemma 4.10, it suffices to show that λ(P) is a π-system.

Claim 1. For any set A ∈ λ(P), the family LA := {B ⊆ X : A∩B ∈ λ(P)} is a λ-system.

Since A ∈ λ(P), we see that X ∈ LA.
Suppose B1, B2 ∈ LA and B1 ⊆ B2. Then

A ∩ (B2 \B1) = (A ∩B2)︸ ︷︷ ︸
∈λ(P)

\ (A ∩B1)︸ ︷︷ ︸
∈λ(P)

∈ λ(P),

so B2 \B1 ∈ LA.
Finally, suppose B1 ⊆ B2 ⊆ · · · ∈ LA. Then A ∩

⋃
n∈NBn =

⋃
n∈N(A ∩ Bn) ∈ λ(P), so⋃

n∈NBn ∈ LA.
This proves the claim.

Claim 2. For any A ∈ λ(P) and any B ∈ P, we have A ∩B ∈ λ(P).

This follows from Claim 1: the family LB is a λ-system, and P ⊆ LB by the definition of a
π-system, so LB ⊇ λ(P) ∋ A.

Let A,B ∈ λ(P). The family LA is a λ-system (by Claim 1) containing P (by Claim 2), so
LA ⊇ λ(P) ∋ B. Hence, A ∩B ∈ λ(P). □

Now we can complete the proof of the π-λ theorem.

Proof of π-λ Theorem (Theorem 4.9). Let P be a π-system, L a λ-system, and suppose
P ⊆ L. On the one hand, by Lemma 4.13, the λ-system λ(P) generated by P is a σ-algebra, so
σ(P) ⊆ λ(P). On the other hand, L is a λ-system containing P, so λ(P) ⊆ L. Combining these
two observations completes the proof. □

Corollary 4.14: Uniqueness of Lebesgue–Stieltjes Measures

Suppose µ and ν are locally finite Borel measures on R with the same distribution function
Fµ = Fν = F . Then µ = ν.
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Proof. Let P be the π-system P = {(a, b] : a, b ∈ R} of half-open intervals. Define

L = {E ∈ Borel(R) : µ(E ∩ (−N,N ]) = ν(E ∩ (−N,N ]) for every N ∈ N} .

Claim 1. L is a λ-system

For every N ∈ N,
µ((−N,N ]) = (µ((−N, 0]) + µ((0, N ])) = F (N)− F (−N).

The same holds for ν, so R ∈ L.
Suppose E ∈ L, and let N ∈ N. By additivity of µ and ν, we have

µ(Ec ∩ (−N,N ]) = µ((−N,N ])− µ(E ∩ (−N,N ])

= ν((−N,N ])− ν(E ∩ (−N,N ])

= ν(Ec ∩ (−N,N ]),

so Ec ∈ L.
Finally, L is closed under countable disjoint unions as a consequence of countable addi-

tivity of the measures µ and ν.

Claim 2. P ⊆ L

The sets (−N,N ] belong to P, which is a π-system, so it suffices to prove µ(P ) = ν(P ) for
every P ∈ P. Let P = (a, b] ∈ P. If b ≤ a, then P = ∅, so µ(P ) = ν(P ) = 0. Suppose a < b.
If a ≤ b, then µ(P ) = F (b)− F (a) = ν(P ).

By the π-λ theorem, σ(P) ⊆ L. But P generates the Borel σ-algebra (we essentially showed
this in the proof of Proposition 2.11), so L = Borel(R). Hence, applying continuity from below,
we have

µ(E) = lim
N→∞

µ (E ∩ (−N,N ]) = lim
N→∞

ν (E ∩ (−N,N ]) = ν(E)

for every E ∈ Borel(R). □

Example 4.15

The locally finite condition cannot be dropped from Corollary 4.14. As an example, define
a measure µ : Borel(R) → [0,∞] by

µ(B) = #(B ∩Q),

and let ν = ∞ · λ, where λ is the Lebesgue measure. (We will construct λ later in this
chapter, but for now, take it as a given that the Lebesgue measure exists.) Every non-empty
interval in R contains infinitely many rational points, so

Fµ(x) =


∞, if x > 0;

0, if x = 0;

−∞, if x < 0.

Similarly, every non-empty interval in R has positive Lebesgue measure, so multiplying by
∞, the measure ν has the same distribution function Fν = Fµ. However, µ and ν are not
the same measure, since, for instance, µ(R \ Q) = 0, while ν(R \ Q) = ∞, and µ({0}) = 1,
while ν({0}) = 0.
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2. Half-Open Intervals

Now we begin the construction of Lebesgue–Stieltjes measures. Let us define some basic objects
that we will work with for the construction.

Definition 4.16

A left-open, right-closed interval is a set of the form

• R,
• ∅,
• (a, b] with a, b ∈ R, a < b,
• (−∞, b] with b ∈ R, or
• (a,∞) with a ∈ R.

The intersection of two left-open, right-closed intervals is a left-open, right-closed intervals, and
the complement of a left-open, right-closed interval is either a left-open, right-closed interval or a
disjoint union of two left-open, right-closed intervals (see Figure 4.1).

c

c

c

Figure 4.1. The complement of a left-open, right-closed intervals is either another
left-open, right-closed interval or the union of two.

Therefore, the family of left-open, right-closed intervals forms a semi-algebra on R. We recall
the definition below.

Definition 4.17

Let X be a set. A family S ⊆ P(X) of subsets of X is a semi-algebra if

• ∅, X ∈ S;
• if S, T ∈ S, then S ∩ T ∈ S;
• if S ∈ S, then X \ S =

⊔n
i=1Ci for some C1, . . . , Cn ∈ S.

Proposition 4.18

Let S be a semi-algebra on a set X. Then

A =

{
n⊔

i=1

Si : n ∈ N, S1, . . . , Sn ∈ S

}
is an algebra.

Proof. The family A contains X, since X ∈ S.
Let us check that A is closed under intersections. Let A,B ∈ A, say A =

⊔n
i=1 Si and

B =
⊔m

j=1 Tj with S1, . . . , Sn ∈ S disjoint and T1, . . . , Tm ∈ S another disjoint collection. Then
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the sets {Si ∩ Tj : 1 ≤ i ≤ n, 1 ≤ j ≤ m} are disjoint, so

A ∩B =
⊔
i,j

(Si ∩ Tj)︸ ︷︷ ︸
∈S

∈ A.

Finally, we check that A is closed under complements. Let A =
⊔n

i=1 Si ∈ A. For each
i ∈ {1, . . . , n}, we can write X \ Si =

⊔mi
j=1Ci,j for some Ci,1, . . . , Ci,mi ∈ S. Thus,

X \A =
n⋂

i=1

(X \ Si) =
n⋂

i=1

mi⊔
j=1

Ci,j


is an intersection of elements of A so belongs to A. □

Notation. We will denote the algebra generated by the semi-algebra of left-open, right-closed
intervals by

Aint =

{
n⊔

i=1

Ii : n ∈ N, Ii is a left-open, right-closed interval

}
.

Note that the σ-algebra generated by Aint is the Borel σ-algebra.

3. Premeasures and Outer Measures

We will begin the construction of the Lebesgue–Stieltjes measure associated to a distribution
function F by assigning a measure to each element of Aint.

Definition 4.19

Let X be a set and A ⊆ P(X) an algebra. A premeasure is a function µ0 : A → [0,∞] such
that

• µ0(∅) = 0;
• if (An)n∈N is a sequence of pairwise disjoint elements of A and A =

⊔
n∈NAn ∈ A,

then µ0(A) =
∑∞

n=1 µ0(An).

Note that if A is a σ-algebra, then a premeasure on A is the same thing as a measure. More
generally, if µ : B → [0,∞] is a measure on a measurable space (X,B) and A ⊆ B is an algebra,
then µ0 = µ|A defines a premeasure on A.

The next proposition shows that we can associate to an increasing right-continuous function
F a premeasure on the algebra Aint generated by left-open, right-closed intervals. We will see
afterwards how to extend this premeasure to a measure on the Borel subsets of R.

Proposition 4.20

Let F : R → R be increasing and right-continuous. Define a function µF,0 : Aint → [0,∞] by

µF,0

(
n⊔

i=1

(ai, bi]

)
=

n∑
i=1

(F (bi)− F (ai)) .

Then µF,0 is a premeasure on Aint.

Proof. We will first show that µF,0 is a well-defined function on Aint and then prove that it is
a premeasure.
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Step 1. µF,0 is well-defined

Every element of Aint can always be written uniquely in the form
n⊔

i=1

(ai, bi]

with −∞ ≤ a1 < b1 < a2 < b2 < · · · < an < bn ≤ ∞. Indeed, after writing the intervals
in increasing order, if ai+1 = bi for some i, then the intervals (ai, bi] and (ai+1, bi+1] can be
merged into the single interval (ai, bi+1] (see Figure 4.2). This process of merging leaves the
expression for µF,0 unchanged, since if bi = ai+1, we have a telescoping phenomenon

(F (bi)− F (ai)) + (F (bi+1)− F (ai+1)) = F (bi+1)− F (ai).

Thus, the formula for µF,0 gives the same value for every possible expression of A ∈ Aint as
a disjoint union of left-open, right-closed intervals.

Figure 4.2. Merging the red and blue intervals into a single left-open, right-
closed interval (purple) leaves the value

∑
i(F (bi)− F (ai)) unchanged.

Step 2. If (a, b] =
⊔∞

i=1(ai, bi], then µF,0((a, b]) ≤
∑∞

i=1 µF,0((ai, bi]).

Let δ > 0 and let εi > 0 for i ∈ N. Then [a+ δ, b] is a closed interval covered by the union of
open intervals

⋃∞
i=1(ai, bi+ εi). By the Heine–Borel theorem (compactness of closed intervals

in R), there is a finite subcover i1, . . . , in such that [a+ δ, b] ⊆
⋃n

j=1(aij , bij + εij ). Therefore,

(a+ δ, b] ⊆
⋃n

j=1(aij , bij + εij ], so by Step 1,

µF,0 ((a+ δ, b]) ≤
n∑

j=1

µF,0
(
(aij , bij + εij ]

)
≤

∞∑
i=1

µF,0((ai, bi + εi]).

Letting δ → 0,

lim
δ→0+

µF,0 ((a+ δ, b]) = F (b)− lim
δ→0+

F (a+ δ) = F (b)− F (a) = µF,0((a, b]),

since F is right-continuous. Similarly, given ε > 0, we can take εi sufficiently small so that∑∞
i=1 µF,0((ai, bi + εi]) ≤

∑∞
i=1 µF,0((ai, bi]) + ε. Then letting ε → 0 proves the desired

inequality.

Step 3. µF,0 is countably additive.

Suppose (An)n∈N is a sequence of pairwise disjoint elements of Aint, and A =
⊔

n∈NAn ∈
Aint. Each of the sets An, belonging to the algebra Aint, can be written in the form
An =

⊔Mn
m=1 Sn,m, where Sn,m is a left-open, right-closed interval. We know µF,0(An) =∑Mn

m=1 µF,0(Sn,m) by definition. Replacing (An)n∈N by (Sn,m)n∈N,1≤m≤Mn , we may assume
from the start that An is a left-open, right-closed interval for each n ∈ N. Since A ∈ A, we
may also write A =

⊔M
m=1 Sm for some left-open, right-closed intervals Sm. Then
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µF,0(A) =

M∑
m=1

µF,0(Sm) (definition of µF,0)

=

M∑
m=1

µF,0

(⊔
n∈N

(Sm ∩An)

)
(A = ⊔n∈NAn)

≤
∑
n,m

µF,0(Sm ∩An) (Step 2)

=
∞∑
n=1

µF,0

(
M⊔

m=1

(Sm ∩An)

)
(definition of µF,0)

=

∞∑
n=1

µF,0(An) (definition of µF,0)

On the other hand, for N ∈ N,
N∑

n=1

µF,0(An) = µF,0

(
N⊔

n=1

An

)
≤ µF,0(A),

so taking a limit as N → ∞,
∑∞

n=1 µF,0(An) ≤ µF,0(A).

□

The next stage in the construction is to extend the premeasure µF,0 to an outer measure defined
on all subsets of R.

Definition 4.21

Let X be a set. A function µ∗ : P(X) → [0,∞] is an outer measure if

• µ∗(∅) = 0;
• monotone: if A ⊆ B, then µ∗(A) ≤ µ∗(B); and
• countably subadditive: for any sequence of sets (An)n∈N, one has
µ∗
(⋃

n∈NAn

)
≤
∑∞

n=1 µ
∗(An).

A premeasure can always be extended to an outer measure, as shown by the following propo-
sition.

Proposition 4.22

Let A be an algebra on a set X, and suppose µ0 : A → [0,∞] is a premeasure. Then

µ∗(E) = inf

{ ∞∑
n=1

µ0(An) : E ⊆
⋃
n∈N

An, An ∈ A

}
defines an outer measure on X with µ∗|A = µ0.

Proof. Let us check the properties one at a time.
First, ∅ ∈ A, so µ∗(∅) ≤ µ0(∅) = 0.
Next, suppose A ⊆ B. Then any set containing B also contains A, so the expression defining

µ∗(A) involves an infimum over a larger collection than the expression defining µ∗(B). Hence,
µ∗(A) ≤ µ∗(B).
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Now let us prove countable subadditivity. Let (An)n∈N be a sequence of subsets of X. If
∞∑
n=1

µ∗(An) = ∞,

there is nothing to show, so assume
∞∑
n=1

µ∗(An) <∞.

Let ε > 0. For each n, let (An,k)k∈N be a sequence of elements of A such that An ⊆
⋃

k∈NAn,k

and
∞∑
k=1

µ0(An,k) < µ∗(An) +
ε

2n
.

Then (An,k)n,k∈N is a countable family of elements of the algebra A, and
⋃

n∈NAn ⊆
⋃

n,k∈NAn,k,
so

µ∗

(⋃
n∈N

An

)
≤
∑
n,k

µ0(An,k) ≤
∞∑
n=1

(
µ∗(An) +

ε

2n

)
=

∞∑
n=1

µ∗(An) + ε.

Letting ε→ 0 establishes countable subadditivity.
Finally, let us show µ∗|A = µ0. Let A ∈ A. Then by definition µ∗(A) ≤ µ0(A). It remains

to show µ∗(A) ≥ µ0(A). Let (An)n∈N be a sequence in A such that A ⊆
⋃

n∈NAn. Define a new
sequence (Bn)n∈N by B1 = A∩A1 and Bn = (A∩An)\ (A1∪ · · ·∪An−1). Since A is an algebra,
the sets Bn belong to A. Moreover, (Bn)n∈N is a sequence of pairwise disjoint sets whose union
is A ∈ A, so

µ0(A) =
∞∑
n=1

µ0(Bn) ≤
∞∑
n=1

(µ0(Bn) + µ0(An \Bn)) =
∞∑
n=1

µ0(An).

Taking an infimum over all such collections (An)n∈N gives the desired inequality µ0(A) ≤ µ∗(A).
□

The outer measure µ∗F obtained from the premeasure µF,0 is not in general a measure on P(X).
The problem is that, while µ∗F is subadditive, it may fail to be additive. In order to obtain a measure,
we restrict to the sets with better additive behavior. As a first step towards the correct notion of
µ∗-measurability, any µ∗-measurable set E ⊆ X should certainly satisfy µ∗(X) = µ∗(E)+µ∗(X\E).
Unfortunately, this is not sufficient to obtain a suitable notion of measurability, as the following
example shows.

Example 4.23

Let X = {1, 2, 3}, and let µ∗ : P(X) → {0, 1, 2} be the function defined by µ∗(∅) = 0,
µ∗(X) = 2, and µ∗(E) = 1 for nonempty property subsets ∅ ≠ E ⊊ X. It is easy to check
that µ∗ is an outer measure and moreover that µ∗(E) + µ∗(X \ E) = 2 = µ∗(X) for every
subset E ⊆ X. But µ∗({1, 2}) = 1, while µ∗({1}) + µ∗({2}) = 2, so µ∗ is not a measure.

In order to correct for the insufficiency of µ∗(X) = µ∗(E) + µ∗(X \ E) as a condition for
measurability, we impose the stronger condition that E partitions every subset of X in an analogous
manner.
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Definition 4.24

Let µ∗ be an outer measure on a set X. A set E ⊆ X is µ∗-measurable if for every A ⊆ X,

µ∗(A) = µ∗(A ∩ E) + µ∗(A \ E). (4.1)

E

Ec

E

Ec

A \ E

A ∩ E

Figure 4.3. A set is µ∗-measurable if it partitions every set into two pieces
that can be measured separately and then recombined.

Remark. The notion of measurability defined here is due to Carathéodory, and (4.1) is often
referred to as Carathéodory’s criterion for measurability. Outer measures are subadditive, so
(4.1) is equivalent to the a priori weaker inequality

µ∗(A) ≥ µ∗(A ∩ E) + µ∗(A \ E).

Theorem 4.25: Carathéodory’s Theorem

Let µ∗ be an outer measure on a set X. Let M ⊆ P(X) be the family of µ∗-measurable
sets. Then M is a σ-algebra, and µ∗|M is a complete measure.

Proof. We break the proof into several steps.

Claim 1. X ∈ M.

Given A ⊆ X, we have µ∗(A ∩X) + µ∗(A \X) = µ∗(A) + µ∗(∅) = µ∗(A).

Claim 2. M is closed under complementation.

Rewriting A \ E = A ∩ Ec, the measurability condition (4.1) is symmetric in E and Ec.

Claim 3. M is closed under finite unions.

Suppose E,F ∈ M, and let A ⊆ X. The sets E and F together partition A into four parts
that we will subsequently recombine (see Figure 4.4). Using subadditivity of µ∗, we have

µ∗ (A ∩ (E ∪ F )) + µ∗ (A \ (E ∪ F )) ≤ µ∗ (A ∩ E ∩ F ) + µ∗ (A ∩ E ∩ F c)

+ µ∗ (A ∩ Ec ∩ F ) + µ∗ (A ∩ Ec ∩ F c) .
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E ∩ F c

Ec ∩ F c Ec ∩ F

E ∩ F

A

Figure 4.4. Partition of A into four pieces determined by E and F .

Now, by µ∗-measurability of F , the right hand side of the inequality can be rewritten as

µ∗(A ∩ E) + µ∗(A ∩ Ec),

which is in turn equal to µ∗(A) by µ∗-measurability of E. Thus,

µ∗(A) ≥ µ∗ (A ∩ (E ∪ F )) + µ∗ (A \ (E ∪ F )) ,
so E ∪ F ∈ M.

Claims 1–3 show that M is an algebra. The next claim upgrades M to a σ-algebra and
proves that µ∗|M is a measure.

Claim 4. M is closed under countable disjoint unions, and µ∗|M is countably additive.

Suppose (En)n∈N be a sequence of pairwise disjoint sets in M, and let E =
⊔

n∈NEn. Let
A ⊆ X. As in Claim 3, we want to show

µ∗(A) ≥ µ∗(A ∩ E) + µ∗(A \ E). (4.2)

If µ∗(A) = ∞, there is nothing to check, so assume µ∗(A) < ∞. Let FN =
⊔N

n=1En. By
induction, we have

µ∗(A ∩ FN ) =
N∑

n=1

µ∗(A ∩ En).

Hence, by countable subadditivity of µ∗,

µ∗(A ∩ E) ≤
∞∑
n=1

µ∗(A ∩ En) = lim
N→∞

µ∗(A ∩ FN ).

For fixed N ∈ N, FN ∈ M by Claim 3, so

µ∗(A) = µ∗(A ∩ FN ) + µ∗(A \ FN ) ≥ µ∗(A ∩ FN ) + µ∗(A \ E).

Taking a limit as N → ∞ gives (4.2).
Note that we actually proved the stronger inequality

µ∗(A) ≥
∞∑
n=1

µ∗(A ∩ En) + µ∗(A \ E).

Taking A = E establishes countable additivity of µ∗.

Finally, we check that (X,M, µ∗|M) is complete.
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Claim 5. If N ⊆ X and µ∗(N) = 0, then N ∈ M.

Let A ⊆ X. Then by monotonicity,

µ∗(A ∩N) + µ∗(A \N) ≤ µ∗(N) + µ∗(A) = µ∗(A).

□

The last remaining piece to tie everything together is relating the σ-algebraM in Carathéodory’s
theorem to the algebra on which the premeasure µ0 was defined.

Lemma 4.26

Let A be an algebra on a set X. Let µ0 : A → [0,∞] be a premeasure, and let µ∗ be the outer
measure extending µ0 as in Proposition 4.22. Then every element of A is µ∗-measurable.

Proof. Let A ∈ A, and let B ⊆ X be an arbitrary set. We want to show

µ∗(B) ≥ µ∗(B ∩A) + µ∗(B \A). (4.3)

Let (An)n∈N be family of elements of A such that B ⊆
⋃

n∈NAn. Then

∞∑
n=1

µ0(An) =
∞∑
n=1

(µ0(An ∩A) + µ0(An \A)) =
∞∑
n=1

µ0(An ∩A) +
∞∑
n=1

µ0(An \A).

The union
⋃

n∈N(An ∩A) contains B ∩A, and similarly,
⋃

n∈N(An \A) contains B \A, so by the
definition of the outer measure µ∗,

∞∑
n=1

µ0(An) ≥ µ∗(B ∩A) + µ∗(B \A).

Taking an infimum over all such collections (An)n∈N gives (4.3). □

Putting everything together, we get the following theorem.

Theorem 4.27: Hahn–Kolmogorov Extension Theorem

Let A ⊆ P(X) be an algebra on a set X, and let µ0 : A → [0,∞] be a premeasure. Then µ0
extends to a complete measure µ : M → [0,∞] defined on a σ-algebra M ⊇ σ(A). Moreover,
if µ0 is σ-finite, then the extension of µ0 to σ(A) is unique, and µ is the completion of this
unique extension.

Proof. By Proposition 4.22, µ0 extends to an outer measure µ∗ : P(X) → [0,∞]. Let M
be the σ-algebra of µ∗-measurable sets, and let µ = µ∗|M. Then µ is a complete measure by
Carathéodory’s theorem (Theorem 4.25), and by Lemma 4.26, A ⊆ M.

Uniqueness in the σ-finite case is a consequence of the π-λ theorem and follows on exactly
the same lines as the proof of Corollary 4.14. □

Remark. When µ0 is not σ-finite, it may have several different extensions to σ(A). The outer
measure construction is the maximal such extension in the sense that given any other extension
ν : σ(A) → [0,∞] of µ0, one has ν(E) ≤ µ(E) for every E ∈ σ(A). We will return to this subject
in the context of product measures later in the course, where it will sometimes be useful to work
with a different extension of a premeasure than the one obtained by Carathéodory’s theorem.
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Corollary 4.28: Existence of Lebesgue–Stieltjes Measures

Let F : R → R be increasing and right-continuous with F (0) = 0. There exists a σ-algebra
MF containing the Borel subsets of R and a complete measure µF : MF → [0,∞] with
distribution function FµF = F .

Proof. Let µF,0 be the premeasure on Aint given by Proposition 4.20. Then the extension µF
given by the Hahn–Kolmogorov extension theorem (Theorem 4.27) is a complete measure with
distribution function F . □

4. Lebesgue Measure

Definition 4.29

The Lebesgue measure on R is the Lebesgue–Stieltjes measure associated to the distribution
function F (x) = x.

Proposition 4.30

Let λ be the Lebesgue measure on R, and let M be the σ-algebra of Lebesgue measurable
sets.

(1) translation-invariance: λ(E + t) = λ(E) for every E ∈ M and t ∈ R;
(2) reflection-invariance: λ(−E) = λ(E) for every E ∈ M;
(3) dilation property: λ(tE) = |t|λ(E) for every E ∈ M and t ∈ R;

Proof. Compute the distribution function of the transformed measure and apply uniqueness
of Lebesgue–Stieltjes measures (Corollary 4.14). We leave the details as an exercise. □

Using the translation-invariance property of the Lebesgue measure, we can prove the existence
of a non-measurable set.

Theorem 4.31

There exists a Lebesgue non-measurable subset of R.

Proof. See Theorem 1.12. □

Remark. The axiom of choice plays a crucial role in the construction of Vitali sets. Using
the set-theoretic notion of an inaccessible cardinal, Robert Solovay constructed a model of set
theory under the ZF axioms without choice in which every subset of R is Lebesgue measurable
[Sol70].

5. Cantor Measure

Another interesting example of a Borel measure on the real line is the “uniform” measure on
the middle-thirds Cantor set, which we will construct now. Recall that the Cantor set C ⊆ [0, 1]
is obtained by starting with the full interval [0, 1] and iteratively removing the middle third of

each remaining interval at each step. We can therefore write [0, 1] \ C =
⋃∞

n=0

⋃2n−1
k=0 In,k, where

In,0, . . . , In,2n−1 is an enumeration of the removed intervals of length 3−(n+1) in increasing order.
How should we define the distribution function for a uniform measure on C? Well, after step n = 0,
where we remove the interval (13 ,

2
3), we have half of of the Cantor set to the left of this interval
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and the other half to the right, so the distribution function should take the value 1
2 on the entirety

of this interval. Arguing similarly, the distribution function should take the value 2k+1
2n+1 on the

interval In,k for each n ≥ 0 and k ∈ {0, 1, . . . , 2n − 1}. Since the union of intervals
⋃∞

n=0

⋃2n−1
k=0 In,k

is dense in [0, 1], there is a unique way of interpolating between the values on the intervals In,k in
order to obtain a continuous function. We call this continuous function the Cantor function and
its associated Lebesgue–Stieltjes measure the Cantor measure.

1
3

2
3

1
2

1
9

2
9

7
9

8
9

1
4

3
4

Figure 4.5. Iterative construction of the Cantor function

A more explicit description of the Cantor set is the collection of numbers in the interval [0, 1]
whose binary expansion consists entirely of the digits 0 and 2. From this description of the Cantor
set, we can also obtain a formula for the Cantor function, namely

c(x) =

{∑∞
j=1

aj/2
2j
, if x =

∑∞
j=1

aj
3j

∈ C;

supy<x,y∈C c(y), if x /∈ C.

The Cantor measure has a surprising combination of properties. Suppose you have a perfectly
fair coin to flip, and you record the sequence of heads and tails as you flip the coin repeatedly.
Recording heads as the digit 2 and tails as the digit 0, this sequence of coin flips produces a
random element of the Cantor set in terms of its base 3 expansion. The distribution of this random
element of the Cantor set is described by the Cantor measure.

The Cantor function is continuous, so the Cantor measure is a continuous probability measure.
This is despite the fact that all of the mass of the Cantor measure is concentrated on the Cantor
set, which is a set of Lebesgue measure zero! This makes the Cantor measure an example of what
is called a singular measure, and as a result, even though we have given a reasonable probabilistic
method for constructing Cantor-distributed random variables, the Cantor measure does not have
a probability density function. That is, there is no function f : [0, 1] → [0,∞) for which we

can express µC((a, b]) =
∫ b
a f(x) dx. We will reencounter singular measures and deal with them

systematically later in the course.

6. Regularity of Lebesgue–Stieltjes Measures

Built into the definition of Lebesgue–Stieltjes measures is the fact that they are locally finite,
but it is not at all obvious that Lebesgue–Stieltjes measures should have additional regularity
properties. However, from the outer measure construction, we can quickly deduce several useful
and nontrivial properties of Lebesgue–Stieltjes measures.
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Proposition 4.32

Let µ be a Lebesgue–Stieltjes measure on R, and let Mµ be the σ-algebra of µ-measurable
sets.

(1) Let E ⊆ R. The following are equivalent:
(i) E ∈ Mµ;
(ii) for any ε > 0, there exists a closed set F and an open set G such that F ⊆ E ⊆ G

and µ(G \ F ) < ε;
(iii) there exists an Fσ set A and a Gδ set B such that A ⊆ E ⊆ B and µ(B \A) = 0.

(2) outer regularity: If E ∈ Mµ, then

µ(E) = inf {µ(U) : U ⊇ E open} .
(3) inner regularity: If E ∈ Mµ, then

µ(E) = sup {µ(K) : K ⊆ E compact} .

Proof. We will first prove outer regularity (2), then prove the measurability conditions (1),
and end with inner regularity (3).

(2) Let E ∈ Mµ. By monotonicity of µ, it suffices to show µ(E) ≥ inf{µ(U) : U ⊇ E open}.
As usual, if µ(E) = ∞, there is nothing to check, so assume µ(E) <∞, and let ε > 0. From the
outer measure construction, we have

µ(E) = inf

{ ∞∑
n=1

µ((an, bn]) : E ⊆
⋃
n∈N

(an, bn]

}
.

Hence, there exists a family of left-open, right-closed intervals ((an, bn])n∈N such that E ⊆⋃
n∈N(an, bn] and

∑∞
n=1 µ((an, bn]) < µ(E)+ ε

2 . For each n ∈ N, let δn > 0 such that µ((an, bn+

δn)) < µ((an, bn]) + 2−(n+1)ε. Such δn exists by continuity of µ from above. Then for the open
set U =

⋃
n∈N(an, bn + δn), we have

µ(U) ≤
∞∑
n=1

µ((an, bn + δn)) <
∞∑
n=1

(µ((an, bn]) + 2−(n+1)ε) < µ(E) +
ε

2
+
ε

2
= µ(E) + ε.

But ε > 0 was arbitrary, so we are done.

(1) We will prove the chain of implications (i) =⇒ (ii) =⇒ (iii) =⇒ (i).
(i) =⇒ (ii). Suppose E ∈ Mµ, and let ε > 0. Let En = E ∩ (n, n + 1] for n ∈ Z. By (2),

there exists an open set Gn ⊇ En such that µ(Gn) < µ(En) + 2−|n| ε
6 . Let G =

⋃
n∈ZGn. Then

G is open, E ⊆ G, and

µ(G \ E) ≤
∞∑

n=−∞
µ(Gn \ En) <

ε

2
.

Applying the same argument to Ec, we find an open set U ⊆ R such that Ec ⊆ U and µ(U\Ec) <
ε
2 . Let F = U c. Then F is closed, F ⊆ E, and µ(E \ F ) = µ(U \ Ec) < ε

2 . Therefore,
µ(G \ F ) ≤ µ(G \ E) + µ(E \ F ) < ε.

(ii) =⇒ (iii). For each n ∈ N, choose Fn ⊆ E ⊆ Gn such that µ(Gn \ Fn) <
1
n by (ii).

Let A =
⋃

n∈N Fn and B =
⋂

n∈NGn. Then A is an Fσ set, B is a Gδ set, A ⊆ E ⊆ B, and
µ(B \A) = 0.

(iii) =⇒ (i). Suppose (iii) holds. Then we may write E = A∪N , where A is an Fσ set and
N = E \A ⊆ B \A. Since µ is complete and Borel(R) ⊆ Mµ, we have E ∈ Mµ.
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(3) Let E ∈ Mµ, and let ε > 0. Then by (1), there exists a closed set F ⊆ E such that
µ(E \ F ) < ε. Let Fn = F ∩ [−n, n] for n ∈ N. Then Fn is compact, F1 ⊆ F2 ⊆ . . . , and
F =

⋃
n∈N Fn. Therefore, by continuity of µ from below, µ(Fn) → µ(F ) as n → ∞. Hence,

sup{µ(K) : K ⊆ E compact} ≥ µ(F ) ≥ µ(E)− ε. □

Chapter Notes

The construction of Lebesgue–Stieltjes measures presented in this chapter is along the same
lines as in the book of Folland [Fol99, Sections 1.4 and 1.5]. A similar approach is taken in [SS05,
Section 3.3] and [Tao11, Sections 1.7.1–1.7.3].

The interesting Example 4.23 motivating Carathéodory’s criterion for measurability was brought
to my attention by [BBT08, Example 2.29].

59





CHAPTER 5

Borel Measures on Locally Compact Hausdorff Spaces

Learning Objectives

At the end of this chapter, you will be able to:

• Construct measures on locally compact Hausdorff spaces
• Describe the relationship between Radon measures and positive linear functionals

In the previous chapter, we constructed locally finite Borel measures on the real line. This is
already sufficient for many purposes in probability theory, where the structure of the underlying
measure space is often insignificant and the main object of study is (real-valued) random variables.
However, in other contexts, the underlying structure of the measure space may play a prominent role
(for example, if one is interested in measures on manifolds), and for this, we need additional tools
to construct measures on more general topological spaces. The goal of this section is to construct
Borel measures on locally compact Hausdorff spaces that are “compatible with the topology” in a
sense that will be made precise below.

1. Locally Compact Hausdorff Spaces

Definition 5.1

A topological space X is

• Hausdorff if every pair of points can be separated by open sets: if x, y ∈ X and
x ̸= y, then there are open set U ∋ x and V ∋ y such that U ∩ V = ∅;

• locally compact if for every point has a compact neighborhood: for x ∈ X, there is
an open set U and a compact set K such that x ∈ U ⊆ K.

If X is both locally compact and Hausdorff, we say X is a locally compact Hausdorff space
or an LCH space for short.

Example 5.2

Examples of locally compact Hausdorff spaces include:

• the unit interval [0, 1]
• the middle-thirds Cantor set
• Euclidean space Rd for d ∈ N
• topological manifolds
• discrete spaces

Non-examples include:

• the rational numbers Q (not locally compact)
• infinite-dimensional real or complex vector spaces (not locally compact)
• an infinite set with the co-finite topology (not Hausdorff)
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Definition 5.3

Let X be an LCH space and f : X → C a continuous function. The support of f is the set

supp (f) = {f ̸= 0}.
We say that f is compactly supported if supp (f) is a compact subset of X.

Notation. We denote the space of compactly supported continuous functions on a topological
space X by Cc(X).

2. Radon Measures and the Riesz Representation Theorem

Definition 5.4

Let X be an LCH space. A Borel measure µ on X is a Radon measure if µ is

• locally finite: µ(K) <∞ for every compact K ⊆ X;
• outer regular: for every Borel set E ⊆ X,

µ(E) = inf{µ(U) : U is open and E ⊆ U};
and

• inner regular on open sets: for every open set G ⊆ X,

µ(G) = sup{µ(K) : K is compact and K ⊆ G}.

Let X be an LCH space, and suppose µ is a Radon measure on X. Given f ∈ Cc(X), we have∫
X
|f | dµ ≤ sup

x∈X
|f(x)| · µ (supp (f)) .

The quantity supx∈X |f(x)| is actually a maximum and is finite by the extreme value theorem,
while µ (supp (f)) < ∞ since µ is locally finite. Hence, Cc(X) ⊆ L1(µ). Integration against the
measure µ thus induces a positive linear functional on Cc(X).

Definition 5.5

A linear functional on Cc(X) is a linear map φ : Cc(X) → C. We say that a linear functional
φ : Cc(X) → C is positive if φ(f) ≥ 0 for every f ∈ Cc(X) with f ≥ 0.

It turns out that all positive linear functionals on Cc(X) arise via integration against a measure.

Theorem 5.6: Riesz Representation Theorem

Let X be a locally compact Hausdorff space. Given a positive linear functional φ : Cc(X) →
C, there exists a unique Radon measure µ such that

φ(f) =

∫
X
f dµ (5.1)

for every f ∈ Cc(X).
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Example 5.7

Let R : Cc(R) → C be the functional induced by Riemann integration. That is, if f :

R → C with compact support, say supp(f) ⊆ [a, b], then R(f) =
∫ b
a f(x) dx. The measure

representing the functional R is the Lebesgue measure on R.

3. Topological Lemmas

Lemma 5.8

Let X be an LCH space. Suppose K ⊆ X is compact, U ⊆ X is open, and K ⊆ U . Then
there exists an open set V ⊆ X such that V is compact and K ⊆ V ⊆ V ⊆ U .

Proof. We first handle the case K = {x}, illustrated in Figure 5.1. Since X is locally compact,
there is an open neighborhood W ⊆ X such that x ∈W and W is compact. If W ⊆ U , then we
are done. Suppose W ̸⊆ U . Then L =W \U is a compact set, and x /∈ L. For each point y ∈ L,
let Vy and Oy be open sets such that x ∈ Vy, y ∈ Oy, and Vy ∩ Oy = ∅. (The sets Vy and Oy

exist, since X is Hausdorff.) By compactness of L, there is a finite collection y1, . . . , yn ∈ L such
that L ⊆

⋃n
j=1Oyj . Let V = W ∩

⋂n
j=1 Vyj . Then V is open, x ∈ V , and V ⊆ W is compact.

Moreover, if z ∈ V , then z ∈ V yj for every j ∈ {1, . . . , n}. Hence, z /∈ Oyj , so z /∈ L. Therefore,

V ⊆W \ L ⊆ U .

x

U

W

Oy1 Oy2

Oy3

Vy1

Vy2

Vy3
V

Figure 5.1. Constructing an open set V satisfying x ∈ V ⊆ V ⊆ U using
properties of LCH spaces.

Suppose now that K is an arbitrary compact set. By the above, we may find open sets Vx,
x ∈ K, such that x ∈ Vx ⊆ V x ⊆ U . By compactness, there is a finite subcover x1, . . . , xn ∈ K
such that K ⊆

⋃n
j=1 Vxj . We then take V =

⋃n
j=1 Vxj . □

Corollary 5.9

Let X be an LCH space. Suppose K ⊆ X is compact, U1, . . . , UN ⊆ X are open, and
K ⊆

⋃N
n=1 Un. Then there exists open sets Vn ⊆ X such that V n ⊆ Un is compact and

K ⊆
⋃N

n=1 Vn.

Proof. We do a proof by induction on N . The base case (N = 1) is Lemma 5.8. Suppose
the statement holds for some N ∈ N, and let K be a compact set and U1, . . . , UN+1 an open
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cover of K. Let K1 = K \ UN+1. Then K1 is a compact set covered by U1, . . . , UN , so by the
inductive hypothesis, there exist open sets V1, . . . , VN such that V n ⊆ Un is compact for n ≤ N
and K1 ⊆

⋃N
n=1 Vn. Now let K2 = K \ (

⋃N
n=1 Vn). Then K2 is a compact subset of UN+1, so by

Lemma 5.8 there exists an open set VN+1 such that V N+1 ⊆ UN+1 is compact and K2 ⊆ VN+1.

Then K ⊆
⋃N+1

n=1 Vn, so the corollary holds by induction.

K

U1
U2

K1

U1 V1

K2 U2 V2

Figure 5.2. An illustration of the induction step in the case N = 2.

□

Lemma 5.10: Urysohn’s Lemma for LCH Spaces

Let X be an LCH space. Given a compact set K ⊆ X and an open set U ⊆ X with K ⊆ U ,
there exists a compactly supported continuous function f : X → [0, 1] such that f = 1 on K
and supp (f) ⊆ U .

Proof. Let K be a compact subset of X and U ⊆ X an open set with K ⊆ U . By Lemma 5.8,
let V be an open set such that V is compact and K ⊆ V ⊆ V ⊆ U . We construct a function f
supported on V in terms of its sub-level sets.

Let K(1) = K, V (0) = V . Put V (1) = ∅ and K(0) = V .

Claim 1. There are families of open sets V (r) and compact sets K(r) indexed by dyadic
rationals r ∈ [0, 1] such that

• for every dyadic rational r ∈ [0, 1], V (r) ⊆ K(r), and
• for dyadic rationals r, s ∈ [0, 1], if r > s, then K(r) ⊆ V (s).

We will prove the claim by induction on the denominators of dyadic rationals. By Lemma
5.8, let V (1/2) be an open set such that K(1/2) = V (1/2) is compact and K = K(1) ⊆
V (1/2) ⊆ K(1/2) ⊆ V (0) = V .
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Suppose we have constructed sets V (r) and K(r) with the desired properties for dyadic
rationals r ∈ (0, 1) with denominators 2n for n < N . Let r ∈ (0, 1) by a dyadic rational

with denominator 2N , say r = 2j−1
2N

, j ∈ {1, . . . , 2N−1}. By the induction hypothesis, we

have a compact set K
(

j
2N−1

)
and an open set V

(
j−1
2N−1

)
such that K

(
j

2N−1

)
⊆ V

(
j−1
2N−1

)
.

Applying Lemma 5.8, we then obtain an open set V (r) such that K(r) = U(r) is compact,

and K
(

j
2N−1

)
⊆ V (r) ⊆ K(r) ⊆ V

(
j−1
2N−1

)
. The claim thus holds by induction.

K(0)

K(1)

K(0)

K(1/2)

K(1)

K(0)

K(1/4)

K(1/2)

K(3/4)

K(1)

Figure 5.3. Inductive construction of sub-level sets.

Define f(x) = 0 if x /∈ V (0) and f(x) = sup{r ≥ 0 : x ∈ V (r)} otherwise. By construction
K = K(1) ⊆ V (r) for every dyadic rational r ∈ [0, 1), so f = 1 on K. Moreover, supp (f) ⊆
K(0) ⊆ U . It remains to show that f is continuous.
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Claim 2. For a ∈ R,

{f > a} =


∅, if a ≥ 1;⋃

r>a V (r), if 0 ≤ a < 1;

X, if a < 0.

The function f takes values between 0 and 1, so the cases a < 0 and a ≥ 1 are immediate.
Let 0 ≤ a < 1. Suppose x ∈ X and f(x) > a. Then by the definition of f , there exists r > a
such that x ∈ V (r). Hence, x ∈

⋃
r>a V (r). Conversely, if x ∈

⋃
r>a V (r), then f(x) ≥ r > a.

Claim 3. For b ∈ R,

{f < b} =


X, if b > 1;⋃

r<b(X \K(r)), if 0 < b ≤ 1;

∅, if b ≤ 0.

As in the previous claim, since f takes values in the interval [0, 1], the cases b > 1 and b ≤ 0
are immediate. Let 0 < b ≤ 1. Suppose f(x) < b. Taking s ∈ (f(x), b), we have x /∈ V (s).
Let r ∈ (s, b). Then since K(r) ⊆ V (s), we conclude x /∈ K(r). Hence, x ∈

⋃
r<b(X \K(r)).

Conversely, if x /∈ K(r) for some r < b, then x /∈ V (s) for s ≥ r, so f(x) ≤ r < b.

Combining Claims 2 and 3, for any a, b ∈ R, the set {a < f < b} is an intersection of two
open sets and therefore open. Thus, f is continuous. □

Notation. For a compact set K ⊆ X and a function f : X → [0, 1], we write K ≺ f if f = 1
on K. Given an open set U ⊆ X and a function f : X → [0, 1], we write f ≺ U if supp (f) ⊆ U .
With this notation, the conclusion of Urysohn’s lemma reads K ≺ f ≺ U .

Corollary 5.11: Partition of Unity

Let X be an LCH space. Let K ⊆ X be a compact set and U1, . . . , UN ⊆ X an open cover
of K. Then there exist compactly supported continuous functions hn : X → [0, 1] such that

hn ≺ Un for each n ∈ {1, . . . , N} and
∑N

n=1 hn = 1 on K.

Proof. First apply Corollary 5.9 to obtain open sets V1, . . . , VN such that V n ⊆ Un is compact
and K ⊆

⋃N
n=1 Vn. Then by Urysohn’s lemma, let fn ∈ Cc(X) with V n ≺ fn ≺ Un. Define

h1 = f1, h2 = (1− f1)f2, . . . , hN = (1− f1) . . . (1− fN−1)fN . For each n ∈ {1, . . . , N}, hn ≤ fn,
so hn has compact support, and hn ≺ Un. Moreover, it can be checked by induction on N that

N∑
n=1

hn = 1−
N∏

n=1

(1− fn).

For x ∈ K, at least one of the functions fn(x) is equal to 1, so
∑N

n=1 hn(x) = 1. □
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4. Proof of the Riesz Representation Theorem

Lemma 5.12

Let X be a locally compact Hausdorff space, and suppose µ is a Radon measure on X. Then
for any open set U ⊆ X,

µ(U) = sup

{∫
X
f dµ : f ∈ Cc(X), 0 ≤ f ≺ U

}
.

Proof. Clearly µ(U) ≥
∫
X f dµ for any f ∈ Cc(x) with 0 ≤ f ≤ 1U . Let us prove the reverse

inequality. Let c < µ(U) be arbitrary. Then by inner regularity of µ on open sets, there exists
a compact set K ⊆ U such that µ(K) > c. Then by Urysohn’s lemma, there is a continuous
function f ∈ Cc(X) such that K ≺ f ≺ U . By monotonicity of the integral, we then have∫

X
f dµ ≥ µ(K) > c.

□

Proof of Riesz Representation Theorem. We will carry out the proof in several steps.

Step 1. Uniqueness.

Suppose µ and ν are two Radon measures satisfying (5.1). By Lemma 5.12, µ and ν must
agree on all open subsets of X. But then by outer regularity, µ and ν agree on all Borel sets.

Step 2. Defining an Outer Measure.

Motivated by Lemma 5.12, we define

m(U) = sup {φ(f) : f ∈ Cc(X), 0 ≤ f ≺ U}
for open subsets U ⊆ X, and let

µ∗(E) = inf{m(U) : U is open and E ⊆ U}
for E ⊆ X.

We must check that µ∗ is an outer measure. That µ∗(∅) = 0 and µ∗ is monotone are both
easy consequences of the definition of µ∗. Suppose (En)n∈N is a countable family of subsets
of X. We want to show

µ∗

(⋃
n∈N

En

)
≤

∞∑
n=1

µ∗(En).

If the sum diverges, there is nothing to show, so assume the sum is finite. Let ε > 0 be
arbitrary. Take (Un)n∈N open sets such that En ⊆ Un and µ∗(En) > m(Un) − 2−nε. Let
f ∈ Cc(X) with 0 ≤ f ≺

⋃
n∈N Un. Since the sets (Un)n∈N are open and supp (f) is a compact

set, there exists N ∈ N such that supp (f) ⊆
⋃N

n=1 Un. By partition of unity (Corollary 5.11),

let h1, . . . , hN ∈ Cc(X) such that hn ≺ Un and
∑N

n=1 hn = 1 on supp (f). Letting fn = f ·hn,
we have f =

∑N
n=1 fn. Therefore,
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φ(f) =

N∑
n=1

φ(fn) ≤
N∑

n=1

m(Un) ≤
∞∑
n=1

m(Un) ≤
∞∑
n=1

µ∗(En) + ε.

Taking a supremum over all such f , we conclude

µ∗

(⋃
n∈N

En

)
≤ m

(⋃
n∈N

Un

)
= sup

{
φ(f) : f ∈ Cc(X), 0 ≤ f ≺

⋃
n∈N

Un

}
≤

∞∑
n=1

µ∗(En) + ε.

Since ε was arbitrary, this proves that µ∗ is countably subadditive and therefore an outer
measure.

Step 3. Borel Sets are µ∗-Measurable.

By Carathéodory’s theorem (Theorem 4.25), the family of µ∗-measurable sets is a σ-algebra,
so it suffices to check that every open set is µ∗-measurable. Let U ⊆ X be an open set. We
want to show

µ∗(E) ≥ µ∗(E ∩ U) + µ∗(E \ U) (5.2)

for every E ⊆ X with µ∗(E) < ∞. Let E ⊆ X be any set with µ∗(E) < ∞. Let ε > 0 be
arbitrary, and choose an open set V ⊆ X with E ⊆ V and µ∗(E) > m(V )− ε. The set V ∩U
is open, so choose a function f1 ∈ Cc(X) with 0 ≤ f1 ≺ V ∩U such that φ(f1) > m(V ∩U)−ε.
Let K = supp(f1), and then choose a function f2 ∈ Cc(X) with 0 ≤ f2 ≺ V \K such that
φ(f2) > m(V \K)− ε. Then

µ∗(E) > m(V )−ε ≥ φ(f1+f2)−ε > m(V ∩U)+m(V \K)−3ε ≥ µ∗(E∩U)+µ∗(E \U)−3ε.

Taking ε→ 0 gives (5.2).

We can now define a Borel measure µ by µ = µ∗|Borel(X).

Step 4. Regularity of µ.

The measure µ is outer regular by construction. We will check that it is also inner regular
on open sets. Let U ⊆ X be open, and let c < µ(U). By the definition of µ, there exists
a function f ∈ Cc(X) with 0 ≤ f ≺ U such that φ(f) > c. Let K = supp(f). We claim
µ(K) ≥ φ(f) > c. From the definition of µ, it suffices to show: if V ⊇ K is open, then there
exists a function g ∈ Cc(X) with 0 ≤ g ≺ V with φ(g) > c. But this is immediate upon
taking g = f .

Step 5. Local Finiteness.

Let K ⊆ X be compact. We want to show µ(K) <∞. It suffices to find an open set U ⊇ K
with m(U) <∞. Since X is locally compact, there exists an open set U ⊇ K such that U is
compact (see Lemma 5.8). Let f ∈ Cc(X) with U ≺ f . Suppose g ∈ Cc(X) with 0 ≤ g ≺ U .
Then f − g ≥ 0, so φ(g) ≤ φ(f). Thus,

m(U) = sup{φ(g) : g ∈ Cc(x), 0 ≤ g ≤ 1, supp(g) ⊆ U} ≤ φ(f) <∞.

Step 6. Proving the Identity (5.1).
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Let f ∈ Cc(X), and let K = supp(f). By decomposing f into real and imaginary parts, then
positive and negative parts and scaling, we may assume 0 ≤ f ≤ 1. Given N ∈ N, we decom-
pose K =

⊔N
n=0Kn, where K0 = {x ∈ K : f(x) = 0} and Kn =

{
x ∈ K : f(x) ∈

(
n−1
N , n

N

]}
for n ≥ 1. For n ∈ {1, . . . , N}, let

fn(x) =


0, if x ∈ Km,m < n

f(x)− n−1
N , if x ∈ Kn

1
N , if x ∈ Km,m > n.

Then fn ∈ Cc(X) and f =
∑N

n=1 fn. Moreover,
⊔

m>nKm ≺ Nfn ≺
⊔

m≥nKm. We can

therefore estimate φ(f) and
∫
X f dµ as follows:

1

N

N∑
n=1

µ

( ⊔
m>n

Km

)
≤ φ(f) ≤ 1

N

N∑
n=1

µ

 ⊔
m≥n

Km

 .

and

1

N

N∑
n=1

µ

( ⊔
m>n

Km

)
≤
∫
X
f dµ ≤ 1

N

N∑
n=1

µ

 ⊔
m≥n

Km

 .

All that remains is to check that the two sides of the inequality become arbitrarily close as
N → ∞. Observe:

1

N

N∑
n=1

µ

 ⊔
m≥n

Km

− 1

N

N∑
n=1

µ

( ⊔
m>n

Km

)
=

1

N

N∑
n=1

µ(Kn) =
1

N
µ(K),

and µ(K) < ∞ by Step 5. Therefore, taking N → ∞ and applying the squeeze theorem, we
conclude ∫

X
f dµ = φ(f).

□

5. Convergence in the Space of Measures

Let X be an LCH space. The Riesz representation theorem establishes an identification of the
space of Radon measures on X with the space of positive linear functionals on Cc(X). Spaces of
functionals can be equipped rather naturally with topological structure, and we can use this to
define a topology on the space of Radon measures.

Notation. For the remainder of this section, we denote the space of Radon measures on X by
M(X).

Definition 5.13

The vague topology on M(X) is the topology generated by the basis of open sets

B(µ,F , ε) =
{
ν ∈ M(X) :

∣∣∣∣∫
X
f dν −

∫
X
f dµ

∣∣∣∣ < ε for all f ∈ F
}

for µ ∈ M(X), F ⊆ Cc(X) a finite set of functions, and ε > 0.

Remark. As alluded to above, the vague topology arises from viewing M(X) as a space of
functionals. It is a particular instance of a more general topological construction from functional
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analysis called the weak* topology. For this reason, the vague topology is also often called the
weak* topology.

For general LCH spaces X, it can be difficult to fully grasp the vague topology. However, we can
give a more concrete description in the case that X is a compact metric space, and this is already
sufficient for many applications in probability theory, harmonic analysis, and ergodic theory.

Proposition 5.14

Let X be a compact metric space. Then (C(X), ∥·∥sup) is a separable metric space.

Proof. Compact metric spaces are separable. Indeed, for each k ∈ N, we may cover X by
finitely many open balls of radius 1

k . Taking Sk to be the finite set of centers of these open balls,
the set S =

⋃
k∈N Sk is countable and dense. Let (xn)n∈N be an enumeration of S. For n ∈ N,

let fn : X → R be the continuous function fn(x) = d(x, xn). Let A be the algebra of functions
generated by (fn)n∈N. That is,

A = spanC

{∏
n∈F

fn : F ⊆ N finite

}
,

where the empty product is taken to be the constant function 1. Then A is closed under
conjugation and contains the constant functions. Moreover, if x ̸= y, then by density of the
sequence (xn)n∈N, there exists n ∈ N such that d(x, xn) ̸= d(y, xn), so fn(x) ̸= fn(y). Hence,
A separates points. By the Stone–Weierstrass theorem, it follows that A is dense in C(X). To
finish, we note that the generating set (fn)n∈N is countable, so the subset

AQ = spanQ(i)

{∏
n∈F

fn : F ⊆ N finite

}
is countable and dense in A. □

Proposition 5.15

Let X be a compact metric space. Then M(X) with the vague topology is metrizable.

Proof. We give an explicit formula for the metric. Let g1, g2, . . . be a countable dense sequence
in C(X). For convenience, we will assume g1 = 1. Define

d(µ, ν) =

∞∑
n=1

∣∣∫
X gn dµ−

∫
X gn dν

∣∣
2n ∥gn∥sup

.

Claim 1. d is a metric on M(X).

It is immediate from the definition that d is nonnegative and symmetric. Moreover,

d(µ, ν) ≤ µ(X) + ν(X) <∞
for every µ, ν ∈ M(X). The triangle inequality for d follows from the usual triangle inequality
for complex numbers:
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d(µ, ρ) =

∞∑
n=1

∣∣∫
X gn dµ−

∫
X gn dρ

∣∣
2n ∥gn∥sup

≤
∞∑
n=1

∣∣∫
X gn dµ−

∫
X gn dν

∣∣+ ∣∣∫X gn dν −
∫
X gn dρ

∣∣
2n ∥gn∥sup

= d(µ, ν) + d(ν, ρ).

Finally, suppose d(µ, ν) = 0. Then for every n ∈ N,
∫
X gn dµ =

∫
X gn dν. Let f ∈ C(X)

be arbitrary. There exists a sequence (nk)k∈N such that gnk
→ f uniformly. Hence, by the

dominated convergence theorem (the functions gnk
are bounded pointwise by sup |f |+ 1 for

all large enough k), we have∫
X
f dµ = lim

k→∞

∫
X
gnk

dµ = lim
k→∞

∫
X
gnk

dν =

∫
X
f dν.

By the uniqueness part of the Riesz representation theorem, we conclude that µ = ν.

Claim 2. The metric d induces the vague topology on M(X).

We need to show that every vaguely open set contains a d-open ball and vice versa.
Suppose U is an open neighborhood of a point µ ∈ M(X) in the vague topology. Then

B(µ,F , ε) ⊆ U for some finite family of functions F ⊆ C(X) and ε ∈ (0, 1). For each f ∈ F ,
we may find k ∈ N such that

∥∥gkf − f
∥∥
sup

< ε
3µ(X)+1 . Let K = max{kf : f ∈ F}. Suppose

ν ∈ M(X) with d(µ, ν) < ε
3·2K . Then∣∣∣∣∫

X
gk dµ−

∫
X
gk dν

∣∣∣∣ < ε

3

for each k ∈ {1, . . . ,K}. In particular (taking k = 1), we have |µ(X)− ν(X)| < ε
3 , and∣∣∣∣∫

X
gkf dµ−

∫
X
gkf dν

∣∣∣∣ < ε

3

for every f ∈ F . Thus, for each f ∈ F ,∣∣∣∣∫
X
f dµ−

∫
X
f dν

∣∣∣∣
≤
∣∣∣∣∫

X
f dµ−

∫
X
gkf dµ

∣∣∣∣+ ∣∣∣∣∫
X
gkf dµ−

∫
X
gkf dν

∣∣∣∣+ ∣∣∣∣∫
X
gkf dν −

∫
X
f dν

∣∣∣∣
≤ ε

3µ(X) + 1
· µ(X) +

ε

3
+

ε

3µ(X) + 1
· ν(X) < ε.

Therefore, the ball of radius ε
3·2K around µ is a subset of B(µ,F , ε) ⊆ U .

Conversely, suppose µ ∈ M(X) and r > 0. Let N ∈ N such that 2−N =
∑

n>N 2−n < r
2 .

Suppose ν ∈ B
(
µ, {g1, . . . , gN}, r2 ·min1≤n≤N ∥gn∥sup

)
. Then

d(µ, ν) =

∞∑
n=1

∣∣∫
X gn dµ−

∫
X gn dν

∣∣
2n ∥gn∥sup

≤
N∑

n=1

r
2 ·min1≤k≤N ∥gk∥sup

2n ∥gn∥sup
+
∑
n>N

2−n <
r

2
+
r

2
= r.

□
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Remark. In a metric space, the topology is fully described by convergence of sequences. For
compact metric X, we can describe the vague topology on M(X) by:

µn → µ vaguely ⇐⇒ ∀f ∈ C(X),

∫
X
f dµ = lim

n→∞

∫
X
f dµn.

In other words, the vague topology on M(X) is the topology of pointwise convergence when
viewing measures as functionals on C(X) (and functions f ∈ C(X) as points).

Assuming X is compact, every Radon measure on X is finite, so we can write µ ∈ M(X) as
µ = cµ′ for some probability measure µ′. Moreover, in this context of compact metric X, every
finite Borel measure is Radon:

Proposition 5.16

Let X be a compact metric space. A Borel measure on X is Radon if and only if it is finite.

Proof. The fact that Radon measures on X are finite is immediate from the definition of a
Radon measure.

Conversely, suppose µ : Borel(X) → [0,∞) is a finite measure. The measure µ induces a
positive linear function Iµ : f 7→

∫
X f dµ on C(X). By the Riesz representation theorem, let µ′

be the Radon measure representing Iµ. That is,
∫
X f dµ′ =

∫
X f dµ for every f ∈ C(X).

Claim 1. If U ⊆ X is open, then µ′(U) = µ(U).

If U = X, then µ′(X) =
∫
X 1 dµ′ =

∫
X 1 dµ = µ(X). Suppose U ̸= X. Let D(x) =

d(x,X \ U) = min{d(x, y) : y ∈ X \ U}. (Note that this minimum exists by the extreme
value theorem, since X \ U is a compact set.) Then x ∈ U if and only if D(x) > 0. Define
a sequence of functions fn : X → [0, 1] by fn(x) = max{nD(x), 1}. Then (fn)n∈N is an
increasing sequence of continuous functions with fn → 1U , so by the monotone convergence
theorem,

µ′(U) =

∫
X
1U dµ′ = lim

n→∞

∫
X
fn dµ

′ = lim
n→∞

∫
X
fn dµ =

∫
X
1U dµ = µ(U).

Claim 2. The family of subsets L = {E ∈ Borel(X) : µ′(E) = µ(E)} is a λ-system.

See Example 4.7.

The collection of open subsets of X is a π-system generating the Borel σ-algebra, so by the
π-λ theorem (Theorem 4.9), L = Borel(X). That is, µ′ = µ. Since µ′ is Radon by construction,
we conclude that original measure µ is Radon. □

In this way, we can understand every Radon measure on X in terms of probability measures.

Notation. We will denote the space of Borel probability measures on X by M1(X).

A deep theorem from functional analysis (the Banach–Alaoglu theorem) has the following im-
portant corollary.
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Theorem 5.17

Let X be a compact metric space. Then M1(X) is compact in the vague topology.

Corollary 5.18

Let X be a compact metric space. Every sequence (µn)n∈N of Borel probability measures on
X has a convergent subsequence.
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CHAPTER 6

Products of Measure Spaces

Learning Objectives

At the end of this chapter, you will be able to:

• Define product measures.
• Construct product measures with at least two different methods.
• Identify when there is a unique product measure.
• Apply product measures and the Fubini–Tonelli theorem to solve problems in anal-
ysis.

Definition 6.1

Let (X,B) and (Y, C) be measurable spaces. A measurable rectangle in X × Y is a set of
the form B × C such that B ∈ B and C ∈ C. The product σ-algebra B ⊗ C on X × Y is the
σ-algebra generated by measurable rectangles.

Remark. The product can also be defined in a category-theoretic way. Let πX : X × Y be
the projection onto the first coordinate, πX(x, y) = x, and let πY : X × Y be the projection
onto the second coordinate, πY (x, y) = y. The maps πX and πY are easily checked to be
measurable maps defined on (X × Y,B ⊗ C). The product measurable space (X × Y,B ⊗ C)
satisfies the following universal property (see Figure 6.1): for any measurable space (Z,D) and
any measurable functions f : Z → X and g : Z → Y , there is a unique measurable function
h : Z → X × Y such that πX ◦ h = f and πY ◦ h = g. This universal property characterizes the
product space (X × Y,B ⊗ C) uniquely up to isomorphism.

Z

X X × Y Y

f g
h

πX πY

Figure 6.1. Universal property of product spaces.

Definition 6.2

Let (X,B, µ) and (Y, C, ν) be measure spaces. A measure ρ : B ⊗ C → [0,∞] is a product
measure of µ and ν if ρ(B × C) = µ(B)ν(C) for every B ∈ B and C ∈ C.
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Theorem 6.3

Let (X,B, µ) and (Y, C, ν) be measure spaces. There exists a product measure ρ : B ⊗ C →
[0,∞]. Moreover, if µ and ν are σ-finite, then there is a unique product measure.

The uniqueness part of Theorem 6.3 follows by the π-λ theorem, so we present its proof first.

Proof of uniqueness of product measure for σ-finite spaces. Suppose (X,B, µ) and
(Y, C, ν) are σ-finite measure spaces, and suppose ρ1, ρ2 : B ⊗ C → [0,∞] are product measures
of µ and ν. We want to show that ρ1 = ρ2. We will use the π-λ theorem.

The family R of measurable rectangles is a π-system (see Example 4.7).
Since µ and ν are σ-finite measures, we may write X =

⋃
n∈NXn with X1 ⊆ X2 ⊆ . . . such

that µ(Xn) <∞ and Y =
⋃

n∈N Yn with Y1 ⊆ Y2 ⊆ . . . such that ν(Yn) <∞. Define a family

L = {E ∈ B ⊗ C : ρ1(E ∩ (Xn × Yn)) = ρ2(E ∩ (Xn × Yn)) for every n ∈ N}.
By the same argument as in the proof of Corollary 4.14, L is a λ-system on X × Y .

Moreover, R ⊆ L. Indeed, if E = B × C is a measurable rectangle, then E ∩ (Xn × Yn) =
(B ∩Xn)× (C ∩ Yn) is also a measurable rectangle for every n ∈ N, so

ρ1 (E ∩ (Xn × Yn)) = µ(B ∩Xn)ν(C ∩ Yn) = ρ2 (E ∩ (Xn × Yn))

by the definition of a product measure.
Thus, by the π-λ theorem, L ⊇ σ(R) = B ⊗ C. Applying continuity from below of the

measures ρ1 and ρ2, given an arbitrary measurable set E ∈ B ⊗ C, we have

ρ1(E) = lim
n→∞

ρ1 (E ∩ (Xn × Yn)) = lim
n→∞

ρ2 (E ∩ (Xn × Yn)) = ρ2(E).

That is, ρ1 = ρ2. □

The preceding proof shows that it makes sense to talk about the product measure of a pair of
σ-finite measures.

For the existence part of Theorem 6.3, several different constructions of product measures
are possible, and in the case of non-σ-finite spaces, different constructions may produce different
measures.

1. Cross-Sectional Product Measures and the Fubini–Tonelli Theorem

Definition 6.4

Let X and Y be sets, and let (x, y) ∈ X × Y .

• for a set E ⊆ X × Y , the x-section Ex and the y-section Ey of E are defined by

Ex = {v ∈ Y : (x, v) ∈ E} and Ey = {u ∈ X : (u, y) ∈ E}.
• for a function f defined on X × Y , the x-section fx and the y-section fy of f are
defined by

fx(v) = f(x, v) and fy(u) = f(u, y)

for v ∈ Y and u ∈ X.

Remark. If E ⊆ X × Y , then we have the identities (1E)x = 1Ex and (1E)
y = 1Ey .
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Proposition 6.5

Let (X,B) and (Y, C) be measurable spaces.

(1) If E ∈ B ⊗ C, then Ex ∈ C for every x ∈ X and Ey ∈ B for every y ∈ Y .
(2) If f is a (B⊗C)-measurable function on X×Y , then fx is C-measurable for every x ∈ X

and fy is B-measurable for every y ∈ Y .

Proof. (1) Consider the family

F = {E ⊆ X × Y : Ex ∈ C for every x ∈ X and Ey ∈ B for every y ∈ Y }.
Then F contains all measurable rectangles, since

(B × C)x =

{
C, if x ∈ B;

∅, if x /∈ B,
and (B × C)y =

{
B, if y ∈ C;

∅, if y /∈ C.
(6.1)

Moreover, since taking cross-sections is compatible with (countable) unions and complements,
F is a σ-algebra. Hence, B ⊗ C ⊆ F , which proves (1).

(2) This follows from (1) by noting that pre-images are compatible with cross-sections in
the sense that (fx)

−1(E) = (f−1(E))x and (fy)−1(E) = (f−1(E))y. □

Informally, item (1) in Proposition 6.5 says that every horizontal and vertical slice of a product-
measurable set is measurable. The following example shows that the converse is not true: there
exist nonmeasurable sets such that every cross-section is nevertheless measurable.

Example 6.6

Take X = Y = R with the Borel σ-algebra B = C = Borel(R). Let E be an arbitrary

non-Borel subset of R and consider Ẽ = {(t, t) : t ∈ E} ⊆ R2. Every cross-section of Ẽ is

either empty or a singleton and hence Borel. However, Ẽ is not an element of the product

σ-algebra B⊗C = Borel(R2). To see this, note that E = f−1(Ẽ) for the continuous function
f : R → R2 defined by f(t) = (t, t). Continuous functions are Borel-measurable, so the
preimage of every Borel set under f is Borel. But E is non-Borel by assumption, so we

conclude that Ẽ is also non-Borel.

Theorem 6.7

Let (X,B, µ) and (Y, C, ν) be measure spaces.

(1) If ν is s-finite,a then the map x 7→ ν(Ex) is measurable, and ρ : B ⊗ C → [0,∞] defined
by

ρ(E) =

∫
X
ν(Ex) dµ(x)

is a product measure of µ and ν.
(2) If µ and ν are both s-finite, then∫

X
ν(Ex) dµ(x) =

∫
Y
µ(Ey) dν(y)

for every E ∈ B ⊗ C.
aA measure is s-finite if it can be expressed as a countable sum of finite measures; see Appendix B.
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Proof. (1) Suppose ν is s-finite.

Claim 1. The map x 7→ ν(Ex) is measurable.

We can write ν =
∑∞

n=1 νn for some finite measures νn : C → [0,∞). Since a countable sum
of measurable functions is measurable, it suffices to prove measurability under the stronger
hypothesis that ν is finite.

Consider the family of sets

L = {E ⊆ X × Y : x 7→ ν(Ex) is measurable} .
Using (6.1), we see that L contains the π-system of measurable rectangles. By the π-λ
theorem, it therefore suffices to prove that L is a λ-system.

The set X × Y is a measurable rectangle so belongs to L.
Suppose E ∈ L. Noting that ((X × Y ) \ E)x = Y \ Ex, we have that

ν(((X × Y ) \ E)x) = ν(Y )− ν(Ex)

is measurable, so (X × Y ) \ E ∈ L.
Finally, if (En)n∈N is a sequence of pairwise disjoint elements of L and E =

⊔
n∈NEn,

then

ν(Ex) =

∞∑
n=1

ν((En)x)

is measurable, so E ∈ L.

Measurability of x 7→ ν(Ex) means that ρ is a well-defined function.

Claim 2. ρ is a measure on (X × Y,B ⊗ C).

Since ∅x = ∅ for every x ∈ X, we have

ρ(∅) =
∫
X
ν(∅) dµ =

∫
X
0 dµ = 0 · µ(X) = 0.

Suppose (En)n∈N is a sequence of pairwise disjoint measurable subsets of X × Y . Then

ρ

(⊔
n∈N

En

)
=

∫
X
ν

(⊔
n∈N

(En)x

)
dµ(x)

=

∫
X

∞∑
n=1

ν((En)x) dµ(x)

(∗)
=

∞∑
n=1

∫
X
ν((En)x) dµ(x)

=

∞∑
n=1

ρ(En).

In step (∗), we used Theorem 3.12.

Claim 3. ρ is a product measure of µ and ν.
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Let B ∈ B and C ∈ C. As noted previously (see (6.1)), (B ⊗ C)x = C if x ∈ B and
(B ⊗ C)x = ∅ if x /∈ B. Hence, the function x 7→ ν((B ⊗ C)x) is a simple function, and
integrating with respect to µ gives

ρ(B × C) =

∫
X
ν((B ⊗ C)x) dµ(x) = ν(C) · µ(B) + ν(∅) · µ(X \B) = µ(B)ν(C).

(2) Now suppose µ and ν are s-finite. Let

ρ1(E) =

∫
X
ν(Ex) dµ(x) and ρ2(E) =

∫
Y
µ(Ey) dµ(y).

Claim 3. ρ1 = ρ2

Write µ =
∑∞

n=1 µn and ν =
∑∞

n=1 νn for some finite measures µn, νn. Then by Theorem
3.12,

ρ1(E) =
∑
m,n

∫
X
νn(Ex) dµm(x) and ρ2(E) =

∑
m,n

∫
Y
µm(Ey) dνn(y). (6.2)

For each m,n ∈ N, the measures

ρ1,m,n(E) =

∫
X
νn(Ex) dµm(x) and ρ2,m,n(E) =

∫
Y
µm(Ey) dνn(y)

are product measures of µm and νn (by Claims 1 and 2). But the product of (σ-)finite
measures is unique, so ρ1,m,n = ρ2,m,n. Hence, by (6.2), ρ1 = ρ2.

□

Definition 6.8

Given s-finite measure spaces (X,B, µ) and (Y, C, ν), we call the product measure obtained

by Theorem 6.7 the cross-sectional product measure and denote it by µ
cs
⊗ ν.

Theorem 6.7 extends to a result about integration of measurable functions on products of s-finite
measure spaces.

Theorem 6.9: Fubini–Tonelli Theorem

Let (X,B, µ) and (Y, C, ν) be s-finite measure spaces.

(1) (Tonelli) Let f : X × Y → [0,∞] be a (B ⊗ C)-measurable function. Then x 7→
∫
Y fx dν

and y 7→
∫
X fy dµ are measurable functions, and∫

X×Y
f d(µ

cs
⊗ ν) =

∫
X

(∫
Y
f(x, y) dν(y)

)
dµ(x) =

∫
Y

(∫
X
f(x, y) dµ(x)

)
dν(y). (6.3)

(2) (Fubini) Suppose f ∈ L1(µ
cs
⊗ ν). Then fx ∈ L1(ν) for µ-a.e. x ∈ X, fy ∈ L1(µ) for

ν-a.e. y ∈ Y , the almost-everywhere defined functions x 7→
∫
Y fx dν and y 7→

∫
X fy dµ

belong to L1(µ) and L1(ν) respectively, and (6.3) holds.

Proof. (1) If f = 1E for some E ∈ B ⊗ C, then (1) holds by Theorem 6.7. Hence, (1) holds
for simple functions. For general f , let (fn)n∈N be a sequence of simple functions such that
0 ≤ f1 ≤ f2 ≤ . . . and fn → f pointwise as in Proposition 3.7. Then (fn)x increases to fx
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and (fn)
y increases to fy, so (6.3) holds by repeated application of the monotone convergence

theorem.

(2) Let f ∈ L1(µ
cs
⊗ ν). By (1),∫

X×Y
|f | d(µ

cs
⊗ ν) =

∫
X

(∫
Y
|fx| dν

)
dµ(x) =

∫
Y

(∫
X
|fy| dµ

)
dν(y).

This integral is finite, so
∫
Y |fx| dν < ∞ for µ-a.e. x ∈ X and

∫
X |fy| dµ < ∞ for ν-a.e. y ∈ Y

by Proposition 3.20. That is, fx ∈ L1(ν) for µ-a.e. x ∈ X, and fy ∈ L1(µ) for ν-a.e. y ∈ Y .
Moreover, by the triangle inequality for integrals,∫

X

∣∣∣∣∫
Y
fx dν

∣∣∣∣ dµ(x) ≤ ∫
X

(∫
Y
|fx| dν

)
dµ(x) <∞

and similarly for the iterated integral in the other order.
The identity (6.3) holds for the positive and negative parts of the real and imaginary parts

of f by (1), and these can be recombined to conclude (6.3) for the function f itself. □

Example 6.10

Let λ be the Lebesgue measure on R. For an integrable function f , the Fourier transform of

f is the function f̂ : R → R defined by f̂(ξ) =
∫
R f(x)e

−2πiξx dx. Given integrable functions
f and g, we define the convolution (f ∗ g)(x) =

∫
R f(x−y)g(y) dy. Then f ∗ g is well-defined

almost everywhere, integrable, and (̂f ∗ g)(ξ) = f̂(ξ)ĝ(ξ).
To see this, consider the function Φ(x, y) = f(x− y)g(y). Since f and g are measurable,

Φ is also measurable. Moreover, by Tonelli’s theorem,∫
R2

|Φ(x, y)| d(x, y) =
∫
R
|g(y)|

(∫
R
|f(x− y)| dx

)
dy =

(∫
R
|f | dλ

)(∫
R
|g| dλ

)
<∞.

Therefore, by Fubini’s thoerem, f ∗ g is almost everywhere well-defined, integrable, and
satisifies

(̂f ∗ g)(ξ) =
∫
R
(f ∗ g)(x)e−2πiξx dx

=

∫
R

∫
R
f(x− y)g(y)e−2πiξx dy dx

=

∫
R

∫
R
f(x− y)g(y)e−2πiξx dx dy

=

∫
R

∫
R
f(t)g(y)e−2πiξ(t+y) dt dy

=

∫
R
f(t)e−2πiξt dt

∫
R
g(y)e−2πiξy dy

= f̂(ξ)ĝ(ξ).

As in the example above, the utility of Fubini’s theorem is often interchanging the order of an
iterated integral, and the product measure acts simply as an auxiliary object to justify this swap.
In practice, this means that we do not need to be particularly concerned by the fact that there may
be more than one product measure. The validity of the Fubini–Tonelli theorem for s-finite (and not
necessarily σ-finite) measures has found applications in the theory of Markov processes [Get90].
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2. The Maximal Product Measure

Let (X,B) and (Y, C) be measurable spaces. The intersection of measurable rectangles B1×C1

and B2 × C2 is again a measurable rectangle: (B1 × C1) ∩ (B2 × C2) = (B1 ∩ B2) × (C1 ∩ C2).
The complement of a measurable rectangle is a disjoint union of three measurable rectangles:
(B ×C)c = (Bc ×C)⊔ (B ×Cc)⊔ (Bc ×Cc). Thus, the family of measurable rectangles is a semi-
algebra on X × Y . We can therefore build a product measure using an outer measure construction
similar to what appeared in Section 3.

We may define an algebra

A =

{
n⊔

i=1

(Bi × Ci) : n ∈ N, B1 × C1, . . . , Bn × Cn pairwise disjoint measurable rectangles

}
.

Given measures µ : B → [0,∞] and ν : C → [0,∞] on X and Y respectively, we define a premeasure
ρ0 on A by

ρ0

(
n⊔

i=1

(Bi × Ci)

)
=

n∑
i=1

µ(Bi)ν(Ci).

We can then extend ρ0 to an outer measure

ρ∗(E) = inf

{ ∞∑
n=1

ρ0(An) : E ⊆
⋃
n∈N

An, An ∈ A

}

= inf

{ ∞∑
n=1

µ(Bn)ν(Cn) : E ⊆
⋃
n∈N

(Bn × Cn), Bn ∈ B, Cn ∈ C

}

by Proposition 4.22. By Lemma 4.26, elements of A are ρ∗-measurable, and so ρ = ρ∗|B⊗C defines
a product measure by Theorem 4.25. When it is ambiguous (i.e., when dealing with non-σ-finite

spaces), we will denote this product measure by µ
max
⊗ ν and refer to it as the maximal product

measure of µ and ν. The reason for this terminology is the following theorem.

Theorem 6.11

Let (X,B, µ) and (Y, C, ν) be measure spaces. Then for every E ∈ B ⊗ C,

(µ
max
⊗ ν)(E) = sup {ρ(E) : ρ is a product measure of µ and ν} .

Moreover, if (µ
max
⊗ ν)(E) <∞, then ρ(E) = (µ

max
⊗ ν)(E) for every product measure ρ.

Example 6.12

Let X = [0, 1], B = Borel([0, 1]), and let µ be the Lebesgue measure on [0, 1]. Let Y = [0, 1]
also but with the σ-algebra C = P([0, 1]) and counting measure ν. Note that, since Y is
uncountable, ν is not s-finite. However, µ is (s-)finite, so can define a cross-sectional product
measure ρ : B ⊗ C → [0,∞] by

ρ(E) =

∫
Y
µ(Ey) dν(y) =

∑
y∈Y

µ(Ey).

To see that this is different than the product measure µ
max
⊗ ν, consider the diagonal

∆ = {(t, t) : t ∈ [0, 1]}.
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Using the cross-sectional product measure, we have

ρ(∆) =
∑
y∈Y

µ({y}) = 0.

Now let us compute the measure (µ
max
⊗ ν)(∆). Let (Bn × Cn)n∈N be a family of

measurable rectangles such that ∆ ⊆
⋃

n∈N(Bn × Cn). Let S = {n ∈ N : µ(Bn) = 0}, and
let E =

⋃
n∈S Bn. Then F = [0, 1] \ E has µ(F ) = 1, and ∆F = {(t, t) : t ∈ F} satisfies

∆F ⊆
⋃

n/∈S(Bn × Cn). Since µ(F ) = 1, F is uncountable. But F ⊆
⋃

n/∈S Cn, so Cn0 is
uncountable (in particular, infinite) for some n0 /∈ S. Therefore,

∞∑
n=1

µ(Bn)ν(Cn) ≥ µ(Bn0)︸ ︷︷ ︸
>0

ν(Cn0)︸ ︷︷ ︸
∞

= ∞.

This proves (µ
max
⊗ ν)(∆) = ∞.

Proof of Theorem 6.11. Let ρ be a product measure of µ and ν and let E ∈ B⊗C. Suppose
(Bn × Cn)n∈N is a family of measurable rectangles such that E ⊆

⋃
n∈N(Bn × Cn). Then by

countable subadditivity of ρ and the fact that ρ is a product measure, we have

ρ(E) ≤
∞∑
n=1

ρ(Bn × Cn) =
∞∑
n=1

µ(Bn)ν(Cn).

Taking an infimum over such families, we conclude ρ(E) ≤ (µ
max
⊗ ν)(E). This proves the first

part of the theorem.

Suppose E ∈ B ⊗ C and (µ
max
⊗ ν)(E) < ∞. Let ε > 0. There exists a family (Bn × Cn)n∈N

of measurable rectangles such that E ⊆
⋃

n∈N(Bn × Cn) and

∞∑
n=1

µ(Bn)ν(Cn) ≤ (µ
max
⊗ ν)(E) + ε.

Let A =
⋃

n∈N(Bn × Cn). By countable subadditivity and monotonicity,

(µ
max
⊗ ν)(E) ≤ (µ

max
⊗ ν)(A) ≤

∞∑
n=1

µ(Bn)ν(Cn) ≤ (µ
max
⊗ ν)(E) + ε.

In particular, (µ
max
⊗ ν)(A\E) < ε. By the first part of the theorem, it follows that ρ(A\E) < ε.

Define a sequence (An)n∈N in the algebra A generated by measurable rectangles by A1 =
B1 × C1 and An = (Bn × Cn) \ (A1 ∪ . . . An−1) for n ≥ 2. Then the sets (An)n∈N are pairwise
disjoint and

⋃
n∈NAn = A. Moreover, since the rectangles satisfy µ(Bn)ν(Cn) < ∞ for every

n ∈ N, additivity of the arbitrary product measure ρ implies that the value ρ(An) is the same
for every product measure. Therefore,

ρ(A) =
∞∑
n=1

ρ(An) =
∞∑
n=1

(µ
max
⊗ ν)(An) = (µ

max
⊗ ν)(A).

Thus,

ρ(E) = ρ(A)− ρ(A \ E) > (µ
max
⊗ ν)(A)− ε ≥ (µ

max
⊗ ν)(E)− ε.

Combining with the first part of the theorem, we conclude ρ(E) = (µ
max
⊗ ν)(E). □
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Part 3

Additional Topics in Measure Theory





CHAPTER 7

Lp Spaces

Learning Objectives

At the end of this chapter, you will be able to:

• Define topological vector spaces, normed vector spaces, and Banach spaces and
explain the relationship between these objects.

• Define convexity of sets and functions and describe the implications of convexity
for Lp spaces.

• Prove that Lp spaces are complete.

1. Topological Vector Spaces

Definition 7.1

A topological vector space is a pair (V, τ) such that V is a (real or complex) vector space and
τ is a topology on V such that

• the addition map V × V → V , (u, v) 7→ u+ v, is continuous, and
• the map K× V → V , (c, v) 7→ cv is continuous, where K is the field of scalars.

Example 7.2

The Euclidean space V = Rd with the standard topology is a topological vector space for
d ∈ N.

A typical means of defining a topology on a vector space is with a norm. Recall (Definition
3.17) that a norm on a vector space V is a function ∥·∥ : V → [0,∞) such that

• triangle inequality: ∥u+ v∥ ≤ ∥u∥ + ∥v∥ for all u, v ∈ V ;
• absolute homogeneity: ∥cv∥ = |c| ∥v∥ for all v ∈ V and all scalars c; and
• positive definiteness: if v ∈ V and ∥v∥ = 0, then v = 0.

The triangle inequality and positive definiteness imply that the function d : V ×V → [0,∞) defined
by d(u, v) = ∥u− v∥ is a metric on V , so we can endow V with this metric space topology.

Definition 7.3

A normed vector space (V, ∥·∥) is a Banach space if it is complete (as a metric space).

Example 7.4

The standard Euclidean norm on Rd, i.e. ∥(x1, . . . , xd)∥ =
√
x21 + · · ·+ x2d, makes Rd into a

Banach space.
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One way of studying normed spaces (or more general topological vector spaces) is in terms of
linear functionals. We have already seen the utility of understanding linear functionals on a normed
space in the Riesz representation theorem, which described the positive linear functionals on the
normed space Cc(X) as Radon measures on the underlying LCH space X.

Definition 7.5

Let K be either R or C. Let (V, ∥·∥V ) be a normed vector space over K. A linear functional
is a linear map φ : V → K. The dual space V ∗ is the vector space of continuous linear
functionals on V with norm

∥φ∥V ∗ = sup
∥v∥V ≤1

|φ(v)|.

Proposition 7.6

Let V be a normed vector space. Then the dual V ∗ is a Banach space.

Proof. We need to prove two things: (1) ∥·∥V ∗ defines a norm on V ∗ and (2) (V ∗, ∥·∥V ∗) is
complete.

Claim 1. ∥·∥V ∗ is a norm on V ∗.

Let φ,ψ ∈ V ∗. Then for v ∈ V with ∥v∥V ≤ 1, we have

|(φ+ ψ)(v)| ≤ |φ(v)|+ |ψ(v)| ≤ ∥φ∥V ∗ + ∥ψ∥V ∗ ,

so ∥·∥V ∗ satisfies the triangle inequality.
Suppose φ ∈ V ∗ and c ∈ K. Then for v ∈ V , we have |(cφ)(v)| = |cφ(v)| = |c||φ(v)|.

Taking a supremum over v ∈ V with ∥v∥V ≤ 1 gives absolute homogeneity of ∥·∥V ∗ .
Finally, if ∥φ∥V ∗ = 0, then φ(v) = 0 for every v ∈ V with ∥v∥V ≤ 1. Hence, for arbitrary

v ∈ V \ {0}, we have φ(v) = ∥v∥V φ
(

v
∥v∥V

)
= 0, so φ = 0. Thus, ∥·∥V ∗ is positive definite.

Claim 2. (V ∗, ∥·∥V ∗) is complete.

Suppose (φn)n∈N is a Cauchy sequence in V ∗. Then for v ∈ V , the sequence (φn(v))n∈N is
a Cauchy sequence in K, since |φn(v) − φm(v)| ≤ ∥φn − φm∥V ∗ ∥v∥V . Since the field K is
complete, we may define φ(v) = limn→∞ φn(v) for every v ∈ V . We must check that φ ∈ V ∗

and φn → φ in V ∗.
First, ∥φ∥V ∗ ≤ limn→∞ ∥φn∥V ∗ < ∞, so φ ∈ V ∗ (see Exercise ??). Next, given v ∈ V

with ∥v∥V ≤ 1, we have

|φ(v)− φn(v)| = | lim
m→∞

φm(v)− φn(v)| ≤ sup
m≥n

|φm(v)− φn(v)| ≤ sup
m≥n

∥φm − φn∥V ∗ .

Thus,
lim sup
n→∞

∥φ− φn∥V ∗ ≤ lim
n→∞

sup
m≥n

∥φm − φn∥V ∗ = 0,

so φn → φ.

□
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2. Lp Norms

For the remainder of this chapter, we will focus on vector spaces of functions associated with a
measure space.

Definition 7.7

Let (X,B, µ) be a measure space.

• For 1 ≤ p <∞, the Lp norm of a measurable function f : X → C is the quantity

∥f∥p =
(∫

X
|f |p dµ

)1/p

.

• The (µ-)essential supremum of a nonnegative measurable function f : X → [0,∞]
is

ess sup(f) = inf {c ≥ 0 : f ≤ c µ-a.e.} = inf {c ≥ 0 : µ({f > c}) = 0} .
• The L∞ norm of a measurable function f : X → C is ∥f∥∞ = ess sup(|f |).
• For 1 ≤ p ≤ ∞, the Lp space Lp(µ) is the space

Lp(µ) =
{
[f ]µ : ∥f∥p <∞

}
,

where [f ]µ is the equivalence class [f ]µ = {g : X → C measurable : g = f µ-a.e.}.

Remark. If f, g : X → C are measurable functions and f = g µ-a.e., then
∫
X |f |p dµ =∫

X |g|p dµ, so the value of the Lp norm only depends on the equivalence class and not the choice
of representative.

While for technical reasons, we view Lp(µ) as a space of equivalence classes of functions, it
is often more convenient to work with actual functions (i.e., representatives of the equivalence
classes). As long as we only perform “countable operations” on functions, we can safely pass
between the two different points of view, since the family of null sets is a σ-ideal. For this reason,
it is standard practice in mathematics to write expressions like “f ∈ Lp(µ),” and we will also
engage in this abuse of notation.

Lemma 7.8

Let (X,B, µ) be a measure space, and let f : X → C be a measurable function. Then
|f | ≤ ∥f∥∞ µ-a.e.

Proof. Let M = ∥f∥∞. If M = ∞, there is nothing to show, so assume M < ∞. By

the definition of the essential supremum, we have µ({|f | > M + 1
n}) = 0 for each n ∈ N.

Taking a union over n ∈ N and applying continuity from below of the measure µ, we conclude
µ({|f | > M}) = 0. That is, |f | ≤M a.e. □

One of the main goals of this chapter is to prove that ∥·∥p defines a norm for every p ∈ [1,∞]

and the vector space Lp(µ) is a Banach space.
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3. Convexity and the Inequalities of Jensen and Minkowski

Definition 7.9

Let V be a real vector space.

• A set C ⊆ V is convex if it contains the entire line segment between every pair of
points in C. That is, for every x, y ∈ C and every t ∈ [0, 1], one has tx+(1−t)y ∈ C.

• Let C be a convex set. A function φ : C → R is convex if φ(tx + (1 − t)y) ≤
tφ(x) + (1− t)φ(y) for all x, y ∈ C and t ∈ [0, 1].

By induction, one can show that convex sets are closed under convex combinations: if x1, . . . , xn ∈
C and λ1, . . . , λn ≥ 0 are coefficients with

∑n
j=1 λj = 1, then

∑n
j=1 λjxj ∈ C. Similarly, if

f is a convex function, then its behavior on convex combinations is governed by the inequality

φ
(∑n

j=1 λjxj

)
≤
∑n

j=1 λjφ(xj). This is the discrete version of a fundamental inequality for con-

vex functions known as Jensen’s inequality.

Theorem 7.10: Jensen’s Inequality

Let (X,B, µ) be a probability space. Let f : X → I be an integrable function taking values
in an interval I ⊆ R, and suppose φ : I → R is convex. Then

φ

(∫
X
f dµ

)
≤
∫
X
φ ◦ f dµ.

Proof. Let t =
∫
X f dµ ∈ I. We want to show

∫
X φ ◦ f dµ ≥ φ(t).

If t ∈ ∂I, then f = t a.e., so φ ◦ f = φ(t) a.e. and
∫
X φ ◦ f dµ = φ(t).

Suppose t ∈ int(I). By Exercise ??, let m ∈ R such that

φ(s) ≥ m(s− t) + φ(t) (∀s ∈ I).

Then ∫
X
φ ◦ f dµ ≥

∫
X
(m(f − t) + φ(t)) dµ = m

∫
X
f dµ︸ ︷︷ ︸
t

−mt+ φ(t) = φ(t).

□

The central inequality for the Lp norm is Minkowski’s inequality, which shows that ∥·∥p is
indeed a norm.

Theorem 7.11: Minkowski’s Inequality

Let (X,B, µ) be a measure space, and let p ∈ [1,∞]. Let f, g : X → C be measurable
functions. Then

∥f + g∥p ≤ ∥f∥p + ∥g∥p .

Before proving Minkowski’s inequality, let us confirm that it makes (Lp(µ), ∥·∥p) into a normed
vector space.

Corollary 7.12

Let (X,B, µ) be a measure space, and let p ∈ [1,∞]. Then Lp(µ) is a vector space, and
∥·∥p : Lp(µ) → [0,∞) is a norm.
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Proof. Let f, g ∈ Lp(µ). (Technically, we should say [f ]µ, [g]µ ∈ Lp(µ), but this can become
notationally cumbersome and is not standard practice in mathematics; see the remark following
Definition 7.7.) By Minkowski’s inequality, ∥f + g∥p ≤ ∥f∥p + ∥g∥p < ∞, so f + g ∈ Lp(µ).

Moreover, if p <∞, then given f ∈ Lp(µ) and c ∈ C, we have

∥cf∥p =
(∫

X
|cf |p dµ

)1/p

=

(
|c|p

∫
X
|f |p dµ

)1/p

= |c| ∥f∥p <∞, (7.1)

so cf ∈ Lp(µ). If p = ∞, then we can similarly check that ∥cf∥∞ = |c| ∥f∥∞. This proves that
Lp(µ) is a vector space. Minkowski’s inequality is the triangle inequality for the Lp norm, and
(7.1) proves absolute homogeneity. Finally, ∥·∥p is positive definite by Proposition 3.23 in the
case p <∞ and by Lemma 7.8 when p = ∞. □

Remark. The final line of the proof of Corollary 7.12 reveals why we want to view Lp as a space
of equivalence classes rather than a space of functions: on the space of functions, ∥·∥p is only a

seminorm, but working with equivalence classes of functions turns ∥·∥p into a proper norm.

Proof of Minkowski’s Inequality. We split the proof into two cases: p <∞ or p = ∞.

Case 1. p <∞

Let B = {w : X → C measurable : ∥w∥p ≤ 1}. We will show that B is a convex set. Let

u, v ∈ B and t ∈ [0, 1]. Then∫
X
|tu+ (1− t)v|p dµ ≤

∫
X
(t|u|+ (1− t)|v|)p dµ (triangle inequality)

≤
∫
X
(t|u|p + (1− t)|v|p) dµ (x 7→ xp is convex)

= t ∥u∥pp + (1− t) ∥v∥pp ≤ 1.

Now let f, g : X → C be measurable functions. If ∥f∥p = ∞ or ∥g∥p = ∞, there is

nothing to prove. Moreover, if ∥f∥p = 0, then f = 0 a.e., so f + g = g a.e., and there is

nothing to prove. Similarly, there is nothing to show in the case that ∥g∥p = 0. Thus, we may

assume 0 < ∥f∥p , ∥g∥p < ∞. Then u = f
∥f∥p

, v = g
∥g∥p

∈ B. Hence, letting t =
∥f∥p

∥f∥p+∥g∥p
, we

have
∥f + g∥p

∥f∥p + ∥g∥p
= ∥tu+ (1− t)v∥p ≤ 1.

Case 2. p = ∞

By Lemma 7.8, the sets N1 = {|f | > ∥f∥∞} and N2 = {|g| > ∥g∥∞} are µ-null sets.
Therefore, N = N1 ∪N2 is a null set. Suppose x ∈ X \N . Then

|f(x) + g(x)| ≤ |f(x)|+ |g(x)| ≤ ∥f∥∞ + ∥g∥∞ .

Therefore, {|f + g| > ∥f∥∞ + ∥g∥∞} ⊆ N is a null set, so ∥f + g∥∞ ≤ ∥f∥∞ + ∥g∥∞.

□
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4. Riesz–Fischer Theorem

Our next goal is prove that (Lp(µ), ∥·∥p) is a Banach space.

Theorem 7.13

Let (X,B, µ) be a measure space, and let 1 ≤ p <∞. Suppose (fn)n∈N is a Cauchy sequence
Lp(µ). Then there is a subsequence (fnk

)k∈N that converges a.e. to a function f ∈ Lp(µ)
and ∥fn − f∥p → 0.

Proof. The strategy of the proof is to choose a subsequence along which fnk
is “quickly

Cauchy” and then to show that “quickly Cauchy” sequences converge a.e. and in Lp.

Claim 1. There exists a subsequence n1 < n2 < . . . such that∥∥fnk+1
− fnk

∥∥
p
< 2−k (7.2)

for every k ∈ N.

We construct (nk)k∈N by induction. Choose n1 ∈ N such that

sup
m≥n1

∥fn1 − fm∥p <
1

2
.

Given n1, . . . , nk, choose nk+1 > nk such that

sup
m≥nk+1

∥∥fnk+1
− fm

∥∥
p
< 2−(k+1).

Then by induction, we have constructed a sequence n1 < n2 < . . . satisfying (7.2).

Let gk = fnk+1
− fnk

for k ∈ N, and let Gk =
∑k

j=1 |gj |. By Minkowski’s inequality,

∥Gk∥p ≤
∑k

j=1 ∥gj∥p < 1. Letting G =
∑∞

j=1 |gj |, we have by the monotone convergence

theorem that ∫
X
Gp dµ = lim

k→∞

∫
X
Gp

k dµ︸ ︷︷ ︸
∥Gk∥pp

≤ 1.

In particular, G < ∞ a.e., so the series g(x) =
∑∞

j=1 gj(x) converges absolutely for a.e. x ∈ X.
Let f = g + fn1 .

Claim 2. fnk
→ f a.e as k → ∞

Let Sk =
∑k−1

j=1 gj . Then Sk → g a.e. (by the definition of g), so fn1 +Sk → f a.e. as k → ∞.
But expanding gj , the sum Sk is telescoping and we have

fn1 + Sk = fn1 + (fn2 − fn1) + · · ·+ (fnk
− fnk−1

) = fnk
.

Claim 3. ∥fn − f∥p → 0.
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Note that |fnk
− f | = |

∑∞
j=k+1 gj | ≤

∑∞
j=k+1 |gj |, so by Minkowski’s inequality, for n ≥ nk,

∥fn − f∥p ≤ ∥fn − fnk
∥p + ∥fnk

− f∥p ≤ 2−k +

∞∑
j=k+1

2−j = 2 · 2−k

Therefore, ∥fn − f∥p → 0 as n→ ∞.

Claim 4. f ∈ Lp(µ)

By Minkowski’s inequality, ∥f∥p ≤ ∥fn∥p+∥fn − f∥p. The term ∥fn∥p is finite, and ∥fn − f∥p <
1 for all large enough n.

□

Theorem 7.14

Let (X,B, µ) be a measure space. Suppose (fn)n∈N is a Cauchy sequence L∞(µ). Then there
exists a measurable set X0 ⊆ X such that µ(X \X0) = 0 and (fn)n∈N is uniformly bounded
and uniformly Cauchy on X0. In particular, (fn)n∈N converges a.e. and in L∞ to a function
f ∈ L∞(µ).

Proof. Put
X0 =

⋂
n∈N

{|fn| ≤ ∥fn∥∞}︸ ︷︷ ︸
uniformly bounded

∩
⋂

n,m∈N
{|fn − fm| ≤ ∥fn − fm∥∞}︸ ︷︷ ︸

uniformly Cauchy

.

Since (fn)n∈N is uniformly Cauchy on X0, we may define f(x) = limn→∞ fn(x) as the (uniform)
limit of fn on X0. The values of f outside of X0 will not play any role, so let us set f(x) = 0 for
x ∈ X \X0. Then f is measurable and uniformly bounded, so f ∈ L∞(µ). Moreover, fn → f
uniformly outside of the null set X \X0, so ∥fn − f∥∞ ≤ supx∈X0

|fn(x)− f(x)| → 0. □

Combining Theorem 7.13 (for p < ∞) and Theorem 7.14 (for p = ∞), we obtain the Riesz–
Fischer theorem.

Theorem 7.15: Riesz–Fischer Theorem

Let (X,B, µ) be a measure space, and let 1 ≤ p ≤ ∞. Then (Lp(µ), ∥·∥p) is a Banach space.

5. Hölder’s Inequality

Lemma 7.16: Weighted Arithmetic Mean-Geometric Mean Inequality

Let n ∈ N, x1, . . . , xn ≥ 0, and λ1, . . . , λn ≥ 0 such that
∑n

j=1 λj = 1. Then

n∏
j=1

x
λj

j ≤
n∑

j=1

λjxj .

Proof. The function x 7→ log x is strictly increasing, so if suffices to prove the inequality after
taking the logarithm of both sides. But x 7→ − log x is also a convex function, so by Jensen’s
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inequality,

− log

 n∑
j=1

λjxj

 ≤ −
n∑

j=1

λj log xj = − log

 n∏
j=1

x
λj

j

 .

□

Theorem 7.17: Hölder’s Inequality

Let (X,B, µ) be a measure space. Let f, g : X → C be measurable functions. Let p, q ∈ [1,∞]
such that 1

p + 1
q = 1. Then

∥fg∥1 ≤ ∥f∥p ∥g∥q .
More generally, if n ∈ N, f1, . . . , fn : X → C are measurable functions, and p1, . . . , pn ∈ [1,∞]
such that

∑n
j=1

1
pj

= 1, then ∥∥∥∥∥∥
n∏

j=1

fj

∥∥∥∥∥∥
1

≤
n∏

j=1

∥fj∥pj .

Proof. Let n ∈ N, let f1, . . . , fn : X → C be measurable functions, and suppose p1, . . . , pn ∈
[1,∞] such that

∑n
j=1

1
pj

= 1. If ∥fj∥pj = 0 for some j, then fj = 0 a.e., so
∏n

j=1 fj = 0 a.e.,

and there is nothing to prove. We may therefore assume ∥fj∥pj > 0 for all j. Now if ∥fj∥pj = ∞
for some j, then

∏n
j=1 ∥fj∥pj = ∞, and again there is nothing to prove, so we may assume

0 < ∥fj∥pj <∞.

For each j, let uj =
fj

∥fj∥pj
so that ∥fj∥pj = 1. Let J = {1 ≤ j ≤ n : pj = ∞}, and note that

|uj | ≤ 1 a.e. for j ∈ J . Moreover,
∑

j /∈J
1
pj

= 1, so by Lemma 7.16,∥∥∥∏n
j=1 fj

∥∥∥
1∏n

j=1 ∥fj∥pj
=

∫
X

n∏
j=1

|uj | dµ ≤
∫
X

∏
j /∈J

(|uj |pj )1/pj dµ ≤
∑
j /∈J

1

pj

∫
X
|uj |pj dµ︸ ︷︷ ︸

∥uj∥
pj
pj

=1

= 1.

□

Definition 7.18

The exponents p ∈ [1,∞] and q ∈ [1,∞] are called conjugate if 1
p + 1

q = 1.

The only self-conjugate exponent is p = 2, and this provides the space L2(µ) with the additional
structure of an inner product space. Namely, defining ⟨·, ·⟩ : L2(µ) × L2(µ) → C by ⟨f, g⟩ =∫
X fg dµ, we have the following properties:

• conjugate symmetry: ⟨f, g⟩ = ⟨g, f⟩;
• linearity in the first argument: ⟨cf + g, h⟩ = c ⟨f, h⟩+ ⟨g, h⟩;
• positive definiteness: f ̸= 0 =⇒ ⟨f, f⟩ > 0.

The norm induced by this inner product is the L2 norm; that is, ∥f∥2 = ⟨f, f⟩. The special case
of Hölder’s inequality for L2 functions is the Cauchy–Schwarz inequality : | ⟨f, g⟩ | ≤ ∥f∥2 ∥g∥2.
Complete inner product spaces (such as L2(µ)) are called Hilbert spaces and have many advantages
over general normed spaces. For example, one can discuss orthogonality of elements of L2(µ) and
work with orthonormal bases for the space. Also, Hilbert spaces are self-dual in the sense that every
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linear functional on a Hilbert space can be represented as an inner product with a fixed element of
the Hilbert space. We will not discuss Hilbert spaces in more detail in this course, but they play
an important role in functional analysis and have many applications in physics.

6. Convolutions and Young’s Inequality

Definition 7.19

Let f, g : R → C be Lebesgue-measurable functions. The convolution of f and g is defined
by

(f ∗ g)(x) =
∫
R
f(x− y)g(y) dy

when y 7→ f(x− y)g(y) is integrable.

We saw in the section on Fubini’s theorem that the convolution of integrable functions is defined
a.e. and integrable (see Example 6.10). Young’s inequality provides a substantial generalization
for convolutions of functions from other Lp spaces.

Theorem 7.20: Young’s Inequality

Suppose 1 ≤ p, q, r ≤ ∞ and 1
p + 1

q = 1 + 1
r . Let f ∈ Lp(R) and g ∈ Lq(R). Then f ∗ g is

defined a.e. and
∥f ∗ g∥r ≤ ∥f∥p ∥g∥q .

Proof. When r = ∞ (i.e., p and q are conjugate), then f ∗ g is defined everywhere and is
bounded by ∥f∥p ∥g∥q by Hölder’s inequality.

For r <∞, defining new constants s, t by 1
s = 1− 1

q and 1
t = 1− 1

p , we have the identity

ab = (apbq)1/r(ap)1/s(bq)1/t (7.3)

for a, b ≥ 0. Moreover, 1
r +

1
s +

1
t = 1, so the generalized Hölder inequality applies. We leave the

details of the computations as an exercise.
□
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CHAPTER 8

Regularity and Littlewood’s Principles

Learning Objectives

At the end of this chapter, you will be able to:

• Give several instantiations of Littlewood’s principles in different contexts.
• Use Littlewood’s principles for problem solving.

The British mathematician J. E. Littlewood laid out three principles for real analysis [Lit44,
Section 4.1]:

There are three principles, roughly expressible in the following terms: Every (mea-
surable) set is nearly a finite sum of intervals; every function (of class Lp) is
nearly continuous; every convergent sequence of functions is nearly uniformly
convergent.

Littlewood’s principles were formulated in the context of the Lebesgue measure on R, but they
are in fact a useful guide to measure theory on very general spaces. To make sense of “intervals”
or of functions being “nearly continuous” requires a topology, so we will restrict to LCH spaces
with Radon measures to address the first and second principle. However, the third principle can
be substantiated in fully general measure spaces.

1. The First Principle: Approximation of Measurable Sets

Littlewood’s first principle can be recast as a statement about regularity of measures. Let us
first interpret it for the Lebesgue measure on R and then try to generalize. By Proposition 4.32,
if E ⊆ R is a Lebesgue-measurable set, then for every ε > 0, there exists an open set U ⊆ R
such that E ⊆ U and λ(U \ E) < ε. Approximating open sets by finite unions of intervals, we
deduce the following statement of Littlewood’s first principle (in the slightly more general context
of Lebesgue–Stieltjes measures).

Proposition 8.1

Let µ be a Lebesgue–Stieltjes measure on R, and suppose E ⊆ R is a µ-measurable set
with µ(E) < ∞. Then for every ε > 0, there is a finite family of disjoint open intervals
(a1, b1), . . . , (an, bn) such that

µ

E△
n⊔

j=1

(aj , bj)

 < ε.

Proof. Suppose E is µ-measurable with µ(E) < ∞. Let ε > 0. By outer regularity of µ (see
Proposition 4.32), let U ⊆ R be an open set such that E ⊆ R and µ(U \ E) < ε

2 . Now we may
write U as a countable union of disjoint open intervals, say U =

⊔∞
j=1(aj , bj). Then applying
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continuity of µ from below, there exists n ∈ N such that µ
(⊔n

j=1(aj , bj)
)
> µ(U)− ε

2 . Thus,

µ

E△
n⊔

j=1

(aj , bj)

 ≤ µ(U \ E) + µ

U \
n⊔

j=1

(aj , bj)

 < ε.

□

One application of Proposition 8.1 that we have already seen in the exercises is Steinhuas’s
theorem.

Theorem 8.2: Steinhaus’s Theorem

Let λ be the Lebesgue measure on R. Suppose E ⊆ R is a Lebesgue-measurable set and
λ(E) > 0. Then E − E = {x− y : x, y ∈ E} contains an open interval around 0.

Another application is the Riemann–Lebesgue lemma from Fourier analysis.

Theorem 8.3: Riemann–Lebesgue Lemma

Let f ∈ L1(R), and define f̂(ξ) =
∫
R f(x)e

−2πiξx dx for ξ ∈ R. Then lim|ξ|→∞ f̂(ξ) = 0.

Proof. First suppose f = 1I , where I = (a, b) is an open interval. Then for ξ ̸= 0,

f̂(ξ) =

∫ b

a
e−2πiξx dx =

e−2πiξb − e−2πiξa

−2πiξ
.

In particular, |f̂(ξ)| ≤ 1
π|ξ| , so f̂(ξ) → 0 as |ξ| → ∞. By linearity, the conclusion also holds for

finite (disjoint) unions of open intervals.
Now suppose f = 1E for an arbitrary measurable set E ⊆ R with λ(E) <∞. Let ε > 0. By

Proposition 8.1, there is a set J that is a finite union of open intervals such that λ(E△J) < ε.
Hence,

|f̂(ξ)| =
∣∣∣∣∫

R
1E(x)e

−2πiξx dx

∣∣∣∣ ≤ ∣∣∣∣∫
R
1J(x)e

−2πiξx dx

∣∣∣∣︸ ︷︷ ︸
→0 as |ξ|→∞

+

∫
R
|1E(x)− 1J(x)| dx︸ ︷︷ ︸

λ(E△J)<ε

.

Therefore, by linearity, the conclusion holds for integrable simple functions.
Finally, suppose f ∈ L1(R) is an arbitrary integrable function. Let ε > 0. Then there is a

simple function s ∈ L1(R) such that ∥f − s∥1 < ε, so

|f̂(ξ)| ≤ |ŝ(ξ)|︸ ︷︷ ︸
→0 as |ξ|→∞

+ | ̂(f − s)(ξ)|︸ ︷︷ ︸
≤∥f−s∥1<ε

.

□

Littlewood’s first principle has a natural generalization to second countable LCH spaces, which
can be used to prove versions of Steinhaus’s theorem and the Riemann–Lebesgue lemma in more
general topological groups. (We will work with second countable spaces in order to have sets playing
the role of intervals.) As preparation for stating a generalized form of Proposition 8.1, let us revisit
regularity properties of Radon measures in the context of second countable spaces.
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Proposition 8.4

Let X be a locally compact Hausdorff space, and let µ be a Radon measure on X. Then µ is
inner regular on all σ-finite sets. That is, if E ⊆ X is a Borel set and E =

⋃
n∈NEn, where

each set En is a Borel set with µ(En) <∞, then

µ(E) = sup{µ(K) : K is compact and K ⊆ E}. (8.1)

Proof. We will first handle the case that µ(E) <∞. Let ε > 0. By outer regularity of µ, there
is an open set U ⊇ E such that µ(U) < µ(E)+ ε

2 . Applying outer regularity again, we may find
an open set V ⊇ U \E such that µ(V ) < ε

2 . Since µ is inner regular on open sets by assumption,
let K ⊆ U be a compact set with µ(K) > µ(U)− ε

2 . Then K \ V is a compact subset of E, and

µ(K \ V ) ≥ µ(K)− µ(V ) > µ(U)− ε ≥ µ(E)− ε.

But ε was arbitrary, so µ(E) ≤ sup{µ(K) : K ⊆ E compact}.
Now we handle the general σ-finite case. Write E =

⋃
n∈NEn with En ⊆ X Borel and

µ(En) <∞ for each n ∈ N. By the finite case above, there exist compact subsets Kn ⊆ En with

µ(En \Kn) < 2−n. For each N ∈ N, we then have that
⋃N

n=1Kn is a compact subset of E, and

µ

(
N⋃

n=1

Kn

)
≥ µ

(
N⋃

n=1

En

)
−

N∑
n=1

µ(En \Kn) > µ

(
N⋃

n=1

En

)
− 1.

Moreover, supN∈N µ
(⋃N

n=1En

)
= µ(E) = ∞, so supN∈N µ

(⋃N
n=1Kn

)
= ∞ as desired. □

In second countable LCH spaces, locally finite measures are σ-finite, so Proposition 8.4 says
that Radon measures are inner regular on all Borel subsets of second countable LCH spaces. (Recall
that the definition of a Radon measure only requires inner regularity on the open subsets of X.)
When a measure is both inner and outer regular on all Borel sets, we say that it is a regular Borel
measure. In Proposition 4.32, we showed that every locally finite measure on R is regular. This
extends to second countable LCH spaces.

Theorem 8.5

Let X be a second countable LCH space or, more generally, an LCH space in which every
open set is σ-compact. Then every locally finite Borel measure on X is regular.

Proof. Let X be an LCH space in which every open set is σ-compact, and let µ be a locally
finite Borel measure on X. Since X is σ-compact by assumption, the measure µ is σ-finite, so
it suffices by Proposition 8.4 to show that µ is a Radon measure.

Because µ is locally finite, compactly supported continuous functions are µ-integrable, so
we may define a positive linear function Iµ : Cc(X) → C by Iµ(f) =

∫
X f dµ. By the Riesz

representation theorem, there is a unique Radon measure ν such that Iµ(f) =
∫
X f dν for every

f ∈ Cc(X). Our goal is thus to show µ = ν so that µ is Radon.

Claim 1. If U is open, then µ(U) = ν(U).
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Let U ⊆ X be open. We may write U =
⋃

n∈NKn for some compact sets Kn. Let f1 ∈ Cc(X)

with K1 ≺ f1 ≺ U . Then construct inductively fn ∈ Cc(X) such that
⋃n−1

j=1 supp (fj)∪Kn ≺
fn ≺ U . Then 0 ≤ f1 ≤ f2 ≤ . . . , and fn → 1U pointwise. Thus, by the monotone
convergence theorem,

µ(U) = lim
n→∞

∫
X
fn dµ = lim

n→∞

∫
X
fn dν = ν(U).

Write X =
⋃

n∈NKn with Kn compact. Then there are open sets Vn such that V n is compact
and Kn ⊆ Vn by Lemma 5.8. Let Xn =

⋃n
j=1 Vj so that X1 ⊆ X2 ⊆ . . . is an increasing family

of open sets with compact closure such that
⋃

n∈NXn = X.

Claim 2. The family L = {E ∈ Borel(X) : µ(E ∩Xn) = ν(E ∩Xn) for every n ∈ N} is
a λ-system.

The proof is the same as Claim 1 in Corollary 4.14.

The family of open subsets of a topological space is a π-system, so combining Claims 1 and
2 with the π-λ theorem, we conclude that µ(E ∩Xn) = ν(E ∩Xn) for every Borel set E ⊆ X
and every n ∈ N. Applying continuity from below, it follows that µ = ν. □

Corollary 8.6

Let X be a second countable LCH space, and let µ : Borel(X) → [0,∞] be a locally finite
measure on X. Let U be a countable base for the topology on X. Suppose E ∈ Borel(X) and
µ(E) <∞. Then for any ε > 0, there is a finite collection of basic open sets U1, . . . , Un ∈ U
such that

µ

E△
n⋃

j=1

Uj

 < ε.

Proof. By Theorem 8.5, the measure µ is Radon. In particular, µ is outer regular, so we may
follow the argument in the proof of Proposition 8.1. □

2. The Second Principle: Lp Functions are Nearly Continuous

There are (at least) two different ways in which Lp functions are “nearly” continuous. One is
in terms of the Lp norm.

Proposition 8.7

Let X be an LCH space, and let µ be a Radon measure on X. Then for every p ∈ [1,∞),
Cc(X) is a dense subspace of Lp(µ).

Proof. Let p ∈ [1,∞).

Step 1. Cc(X) ⊆ Lp(µ).
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Let f ∈ Cc(X), and let K = supp (f) ⊆ X. Then∫
X
|f |p dµ ≤ max

x∈K
|f(x)|p · µ(K) <∞

by the extreme value theorem and local finiteness of µ, so f ∈ Lp(µ).

We will show Cc(X) is dense in Lp(µ) be approximating successively by more convenient
families of functions. Let S = {s : X → C : s is simple and µ({s ̸= 0}) <∞}.

Step 2. S is dense in Lp(µ).

Note that a simple function s =
∑n

j=1 cj1Ej written in standard form has Lp norm satisfying

∥s∥pp =
∑n

j=1 |cj |pµ(Ej). Therefore, s ∈ Lp(µ) if and only if µ(Ej) <∞ for every j such that

cj ̸= 0. In other words, S is exactly the collection of simple functions that belong to Lp(µ).
Let f ∈ Lp(µ) be arbitrary. Let (sn)n∈N be a sequence of simple functions such that

0 ≤ |s1| ≤ |s2| ≤ · · · ≤ |f | and sn → f a.e. (Such a sequence exists by applying Proposition
3.7 to the positive and negative parts of the real and imaginary parts of f .) Then |sn−f |p → 0
a.e. and |sn − f |p ≤ 2p|f |p, so by the dominated convergence theorem, sn → f in Lp(µ).

Step 3. Cc(X) is dense in S (with respect to ∥·∥p).

Given a simple function s =
∑n

j=1 cj1Ej ∈ S, it suffices by Minkowski’s inequality to ap-

proximate each of the functions 1Ej . Let E ∈ Borel(X) with µ(E) < ∞, and let ε > 0. By
Proposition 8.4, the measure µ is inner regular on E, and µ is outer regular on all Borel sets,
so we may find a compact set K and an open set U such that K ⊆ E ⊆ U and µ(U \K) < ε.
By Urysohn’s lemma, let f ∈ Cc(X) with K ≺ f ≺ U . Then since f = 1E = 1 on K and
f = 1E = 0 on X \ U , we have∫

X
|f − 1E |p dµ ≤ µ(U \K) < ε.

□

Another sense in which measurable functions are nearly continuous is provided by Lusin’s
theorem.

Theorem 8.8: Lusin’s Theorem, Version I

Let X be an LCH space, and let Y be a second countable topological space. Let µ be a
regular Borel measure on X. Suppose f : X → Y is a Borel measurable function. Then for
any ε > 0, there is a closed set E ⊆ X such that µ(X \ E) < ε and f |E is continuous.

Proof. Let U = {Un : n ∈ N} be a countable base for the topology on Y . For n ∈ N, let
Bn = f−1(Un) ∈ Borel(X). Since µ is regular, we may find Fn ⊆ Bn ⊆ Gn such that Fn is
closed, Gn is open, and µ(Gn \ Fn) < 2−nε. Let E = X \

⋃
n∈N(Gn \ Fn). Then µ(X \ E) ≤∑∞

n=1 µ(Gn \ Fn) < ε.

Claim 1. E is closed.
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For each n ∈ N, the set Gn \ Fn is a open, so
⋃

n∈N(Gn \ Fn) is open. Therefore, E is the
complement of an open set, so E is closed.

Claim 2. f |E is continuous.

Let g = f |E : E → Y . Then for each n ∈ N,
g−1(Un) = Bn ∩ E = Gn ∩ E

is open in E, so g is continuous.

□

It is important to note that Lusin’s theorem does NOT say that the set of points of continuity of
f has large measure. For example, 1Q : R → R is a measurable function that is nowhere continuous.
However, we can give another interpretation of Lusin’s theorem , saying that measurable functions
(under some condition) agree with a continuous function outside of a set of small measure.

Theorem 8.9: Lusin’s Theorem, Version II

Let X be an LCH space, and let µ be a Radon measure on X. Suppose f : X → C is
measurable and µ({f ̸= 0}) < ∞. Then for any ε > 0, there exists g ∈ Cc(X) such that
µ({f ̸= g}) < ε.

One of the ingredients for the proof is the Tietze extension theorem (which we will not prove).

Theorem 8.10: Tietze Extension Theorem

Let X be an LCH space and let K ⊆ X be compact and U ⊆ X open such that K ⊆ U . If
f : K → C is a continuous function, then there exists g ∈ Cc(X) such that g = f on K and
supp (g) ⊆ U .

Note that if f = 1 on K, then we recover Urysohn’s lemma from the Tietze extension theorem.

Proof of Lusin’s Theorem, Version II. Let E = {f ̸= 0}. Since E has finite measure, µ is
regular on E by Proposition 8.4. Therefore, there exists a compact set K ⊆ E and an open set
U ⊇ E such that µ(U \K) < ε

2 . Applying version I of Lusin’s theorem on the space K, there
exists a closed set C ⊆ K with µ(K \ C) < ε

2 such that f |C is continuous. Then by Tietze’s
extension theorem, there exists g ∈ Cc(X) such that g = f on C and supp (g) ⊆ U . Hence,
{f ̸= g} ⊆ U \ C, so µ({f ̸= g}) < ε. □

3. The Third Principle: Convergent Sequences of Functions are Nearly Uniformly
Convergent

Now we turn to the third principle, expressed by Egorov’s theorem.

Theorem 8.11: Egorov’s Theorem

Let (X,B, µ) be a finite measure space, and let Y be a separable metric space. Suppose
fn : X → Y is a sequence of measurable functions that converges a.e. to a measurable
function f : X → Y . Then for any ε > 0, there is a set E ∈ B such that µ(E) < ε and
fn → f uniformly on X \ E.
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Proof. For k, n ∈ N, let Ek,n =
⋃

m≥n

{
d(fm, f) ≥ 1

k

}
.

Claim 1. For each k, n ∈ N, we have Ek,n ∈ B.

It suffices to check that d(fm, f) is a measurable function for each m ∈ N. Let S ⊆ Y be
a countable dense subset. Then for y, z ∈ Y , we have d(y, z) = infs∈S(d(y, s) + d(z, s)).
For each s ∈ S, let Ds : Y → [0,∞) be the function Ds(y) = d(y, s). The function Ds is
continuous, hence Borel measurable. Thus,

d(fm, f) = inf
s∈S

(Ds ◦ fm +Ds ◦ f)

is measurable by Proposition 2.11.

Claim 2. For any k ∈ N, µ
(⋂

n∈NEk,n

)
= 0.

The set
⋂

n∈NEk,n is the set of points x ∈ X such that d(fm, f) ≥ 1
k for infinitely many

m ∈ N. Hence,
⋂

n∈NEk,n ⊆ {x ∈ X : fn(x) ̸→ f(x)} is a null set.

Since µ is a finite measure, we may apply continuity from above and let nk ∈ N such that
µ(Ek,nk

) < 2−kε. Let E =
⋃

k∈NEk,nk
. Then µ(E) ≤

∑∞
k=1 µ(Ek,nk

) < ε.

Claim 3. fn → f uniformly on X \ E.

By definition, if x /∈ Ek,nk
, then d(fm(x), f(x)) < 1

k for all m ≥ nk. Therefore,

sup
x∈X\Ek,nk

d(fm(x), f(x)) <
1

k

for all m ≥ nk and all k ∈ N, so fn → f uniformly on X \ E =
⋂

k∈N(X \ Ek,nk
).

□

Corollary 8.12: Bounded Convergence Theorem

Let (X,B, µ) be a finite measure space. Suppose fn : X → C is a sequence of measurable
functions that converges almost everywhere to a measurable function f : X → C. If there
exists M <∞ such that |fn| ≤M a.e., then fn → f in L1(µ). In particular,∫

X
f dµ = lim

n→∞

∫
X
fn dµ.

Proof. This is a special case of the dominated convergence theorem: since µ(X) < ∞, the
function g(x) =M is integrable. We will give a proof using Egorov’s theorem (which importantly
does not rely on the dominated convergence theorem).

Let ε > 0. By Egorov’s theorem, let E ∈ B such that µ(E) < ε and fn → f uniformly on
X \ E. Then ∫

X
|fn − f | dµ =

∫
E
|fn − f | dµ+

∫
X\E

|fn − f | dµ.
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The first term
∫
E |fn − f | dµ can be bounded using the triangle inequality by 2Mµ(E) < 2Mε.

The second term is bounded by

sup
x∈X\E

|fn(x)− f(x)| · µ(X \ E)︸ ︷︷ ︸
≤µ(X)<∞

−−−→
n→∞

0.

Hence, lim supn→∞ ∥fn − f∥1 ≤ 2Mε. But ε > 0 was arbitrary, so fn → f in L1(µ). □

Chapter Notes

Some authors prove Lusin’s theorem as a consequence of Egorov’s theorem. For example, a
special case of version I of Lusin’s theorem appears as Exercise 44 in [Fol99, Section 2.4], with a
hint to use Egorov’s theorem, and version II is proved using Egorov’s theorem in [Fol99, Theorem
7.10]. The proofs provided in these lecture notes are shorter and more direct than the deduction
from Egorov’s theorem.
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CHAPTER 9

Differentiation of Measures

Learning Objectives

At the end of this chapter, you will be able to:

• Identify when a measure has a density function.
• Utilize differentiation of measures for applications in various contexts.

1. Signed and Complex Measures

Definition 9.1

Let (X,B) be a measurable space. A signed measure is a countably additive function µ :
B → [−∞,∞] with µ(∅) = 0. A complex measure is a countably additive function µ : B → C
with µ(∅) = 0.

Remark. Since the value ∞−∞ is undefined, a signed measure may only take at most one of
the values ∞ or −∞.

The main motivation for introducing the more general notion of signed and complex measures
is that they arise quite naturally when integrating functions.

Example 9.2

Let (X,B, µ) be a measure space.

signed measure. Let f : X → [−∞,∞] be a measurable function, and suppose at least one
of
∫
X f+ dµ or

∫
X f− dµ is finite, so that

∫
X f dµ can be defined as

∫
X f+ dµ−

∫
X f− dµ.

Then ν(E) =
∫
E f dµ is a signed measure.

complex measure. If f ∈ L1(µ), then ν(E) =
∫
E f dµ defines a complex measure.

Signed and complex measures retain the continuity properties of (positive) measures. Note,
however, that we may lose monotonicity and countable subadditivity.

Proposition 9.3

Let (X,B) be a measurable space, and let µ be a signed or complex measure on (X,B).
(1) continuity from below: if E1 ⊆ E2 ⊆ · · · ∈ B, then µ

(⋃
n∈NEn

)
= limn→∞ µ(En).

(2) continuity from above: if E1 ⊇ E2 ⊇ · · · ∈ B and |µ(E1)| <∞, then µ
(⋂

n∈NEn

)
=

limn→∞ µ(En).
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Proof. The proof is the same as for positive measures (see Proposition 2.15). For completeness,
we repeat the argument here to see that positivity of the measure is inconsequential.

(1) Let E′
1 = E1 and E′

n = En \En−1 for n ≥ 2. For convenience, we will set E0 = ∅ so that
we also have E′

1 = E1 \ E0. Then

µ

(⋃
n∈N

En

)
= µ

(⊔
n∈N

E′
n

)
=
∑
n∈N

µ(E′
n)

(∗)
=
∑
n∈N

(µ(En)− µ(En−1))
(∗∗)
= lim

n→∞
µ(En).

The step (∗) uses additivity of µ, and (∗∗) comes from the telescoping of the sum.

(2) Define a new sequence An = E1 \ En. Then ∅ = A1 ⊆ A2 ⊆ . . . , so

µ

(⋃
n∈N

An

)
= lim

n→∞
µ(An)

by (1). But
⋃

n∈NAn = E1 \
⋂

n∈NEn, so

µ(E1)− µ

(⋂
n∈N

En

)
= µ

(⋃
n∈N

An

)
= lim

n→∞
µ(An) = µ(E1)− lim

n→∞
µ(En),

whence we deduce that (2) holds, since |µ(E1)| <∞. □

Definition 9.4

Let (X,B) be a measurable space, and let µ : B → [−∞,∞] be a signed measure. A set
E ∈ B is

• null if for every F ∈ B, if F ⊆ E, then µ(F ) = 0;
• positive if for every F ∈ B, if F ⊆ E, then µ(F ) ≥ 0;
• negative if for every F ∈ B, if F ⊆ E, then µ(F ) ≤ 0.

Theorem 9.5: Hahn Decomposition Theorem

Let (X,B) be a measurable space, and let µ : B → [−∞,∞] be a signed measure. There
exists a partition X = P ⊔N such that P,N ∈ B, P is a positive subset, and N is a negative
subset. Moreover, if X = P ′ ⊔N ′ is another such partition, then P△P ′ = N△N ′ is a null
set.

Definition 9.6

The ordered pair (P,N) in the conclusion of the Hahn decomposition theorem is called a
Hahn decomposition of µ.

Before proving the Hahn decomposition theorem, we discuss a useful corollary. This requires
one more definition.

Definition 9.7

Let µ and ν be positive, signed, or complex measures on a measurable space (X,B). We
say that µ and ν are mutually singular , denoted µ ⊥ ν, if there is a measurable partition
X = E ⊔ F such that E is ν-null and F is µ-null.
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Theorem 9.8: Jordan Decomposition Theorem

Let (X,B) be a measurable space, and let µ : B → [−∞,∞] be a signed measure. There is
a unique decomposition µ = µ+ − µ− as a sum of mutually singular positive measures.

Proof. Let (P,N) be a Hahn decomposition by Theorem 9.5. Define µ+(E) = µ(E ∩ P ) and
µ−(E) = −µ(E∩N). Then µ+ and µ− are mutually singular positive measures, and µ = µ+−µ−.

To see uniqueness, suppose µ1 and µ2 are mutually singular positive measures such that
µ = µ1 − µ2. Write X = A ⊔ B such that A is µ2-null and B is µ1-null. We claim that (A,B)
is another Hahn decomposition. Indeed, for E ∈ B, E ⊆ A, we have µ2(E) = 0, so µ(E) =
µ1(E) ≥ 0. That is, A is µ-positive. Similarly, for E ∈ B, E ⊆ B, we have µ(E) = −µ2(E) ≤ 0,
so B is µ-negative. Thus, by the Hahn decomposition theorem, A△P = B△N is µ-null. For
any E ∈ B, we then have

µ+(E) = µ(E∩P ) = µ(E∩A) = µ1(E) and µ−(E) = −µ(E∩N) = −µ(E∩B) = µ2(E).

□

Definition 9.9

Let (X,B) be a measurable space, and let µ : B → [−∞,∞] be a signed measure with Jordan
decomposition µ = µ+−µ−. The measure µ+ is called the positive variation of µ and µ− the
negative variation of µ. The sum µ+ + µ− is called the total variation of µ and is denoted
by |µ|.

Proposition 9.10

Let (X,B) be a measurable space, and let µ : B → [−∞,∞] be a signed measure with total
variation |µ|. Then for any E ∈ B,

|µ|(E) = inf {ν(E) : ν is a measure and |µ(F )| ≤ ν(F ) for all F ∈ B}

= sup

{ ∞∑
n=1

|µ(En)| : E =
⊔
n∈N

En

}
.

Proof. Exercise ??. □

We now turn to proving the Hahn decomposition theorem. Let us start with a criterion for a
pair (P,N) to be a Hahn decomposition.

Lemma 9.11

Let A be an algebra of subsets of a set X, and let µ : A → (−∞,∞] be a finitely additive
function on A. Let X = P ⊔N with P,N ∈ A. The following are equivalent:

(i) (P,N) is a Hahn decomposition;
(ii) µ(N) = infA∈A µ(A).

Proof. (i) =⇒ (ii). Suppose (P,N) is a Hahn decomposition. Let A ∈ A. Then

µ(A) = µ(A ∩ P )︸ ︷︷ ︸
≥0

+µ(A ∩N) ≥ µ(A ∩N) + µ(N \A)︸ ︷︷ ︸
≤0

= µ(N).
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So (ii) holds.

(ii) =⇒ (i). Suppose (ii) holds. We need to check that N is negative and P is positive.
Suppose A ∈ A and A ⊆ N . Then µ(N) ≤ µ(N \A) = µ(N)− µ(A), so µ(A) ≤ 0. Thus, N

is µ-negative.
Now suppose A ∈ A and A ⊆ P . Then µ(N) ≤ µ(N ⊔ A) = µ(N) + µ(A), so µ(A) ≥ 0.

That is, P is µ-positive. □

Now we can prove the Hahn decomposition theorem.

Proof of Hahn Decomposition Theorem. We will first give a construction of a Hahn
decomposition and then show µ-essential uniqueness.

Step 1. Existence.

Since µ assumes at most one of the values ∞ or −∞, let us assume that µ(E) > −∞ for
every E ∈ B (if not, we may work with the measure −µ instead). Let a = inf{µ(E) : E ∈ B}.
By Lemma 9.11, it suffices to find a set N ∈ B such that µ(N) = a.

Let (En)n∈N be a sequence of measurable sets such that µ(En) → a. We are going to
replace this sequence by a better-behaving sequence from which we can extract the set N
as a limit. The An = A(E1, . . . , En) be the algebra generated by E1, . . . , En. Since An is a
finite collection of sets, let An ∈ An such that µ(An) = min{µ(A) : A ∈ An}. By Lemma
9.11, the pair (X \An, An) is a Hahn decomposition for µ|An .

By construction, the algebras (An)n∈N are nested: A1 ⊆ A2 ⊆ . . . . Therefore, A1, . . . , An ∈
An. Let Nm =

⋂
k≥mAk and Nn

m =
⋂n

k=mAk. For eachm ∈ N, the sequence of sets (Nn
m)n≥m

decreases toNm. Moreover, the setNm
m = Am has finite measure, so by continuity from above,

µ(Nn
m) → µ(Nm) as n→ ∞. For n > m,

µ(Nn−1
m ) = µ(Nn

m) + µ((X \An) ∩Nn−1
m ) ≥ µ(Nn

m),

where we have used that Nn−1
m ∈ An and X \An is µ-positive on the algebra An. Thus,

µ(Em) ≥ µ(Am) = µ(Nm
m ) ≥ µ(Nm+1

m ) ≥ µ(Nm+2
m ) ≥ . . . ,

so a ≤ µ(Nm) ≤ µ(Em). Therefore, limm→∞ µ(Nm) = a. But the sequence (Nm)m∈N is
increasing, so letting N =

⋃
m∈NNm, we have µ(N) = a by continuity from below.

Step 2. Essential Uniqueness.

Suppose (P ′, N ′) is another Hahn decomposition. ThenN ′△N = P ′△P = (N∩P ′)⊔(N ′∩P ).
The set N ∩P ′ is both negative (since it is a subset of the negative set N) and positive (since
it is a subset of the positive set P ′). Therefore, N ∩P ′ is a null set, and similarly for N ′ ∩P .

□
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2. Radon–Nikodym Derivatives

Definition 9.12

Let (X,B, µ) be a (positive) measure space. Let ν be a signed or complex measure on (X,B).
We say that ν is absolutely continuous with respect to µ, denoted ν ≪ µ, if every µ-null set
is ν-null. Two positive measures µ and ν are equivalent , written µ ≈ ν, if µ≪ ν and ν ≪ µ.

We have already seen the prototypical example of an absolutely continuous measure.

Example 9.13

Let (X,B, µ) be a measure space, and let f ∈ L1(µ). Then ν : B → C defined by ν(E) =∫
E f dµ is a complex measure, and ν ≪ µ.

Theorem 9.14: Lebesgue Decomposition Theorem

Let (X,B) be a measurable space. Let µ, ν : B → [0,∞] be two positive measures on (X,B),
and suppose ν is s-finite. Then there is a unique decomposition ν = νa + νs as a sum of
positive measures such that νa ≪ µ and νs ⊥ µ.

Proof. We prove existence and then uniqueness.
Write ν =

∑∞
n=1 νn with νn(X) <∞, and define ν̃ =

∑∞
n=1 2

−n νn
νn(X)+1 . Then ν̃(X) < 1, and

ν̃ ≈ ν. Let (P,N) be a Hahn decomposition for the measure∞·µ−ν̃, and define νa(E) = ν(E∩P )
and νs(E) = ν(E ∩N).

Claim 1. νa ≪ µ.

Suppose µ(E) = 0. Then since E ∩P is a positive set for ∞ · µ− ν̃, we have 0 ≤ −ν̃(E ∩P ),
so ν̃(E ∩ P ) = 0. But ν ≪ ν̃, so νa(E) = ν(E ∩ P ) = 0.

Claim 2. νs ⊥ µ.

By construction P is a νs-null set, so it suffices to show N = X \ P is µ-null. But N is
negative for ∞·µ− ν̃, so in particular, ∞·µ(N)− ν̃(N) ≤ 0. That is, ∞·µ(N) ≤ ν̃(N) <∞.
Hence, µ(N) = 0.

Now let us check uniqueness. Suppose ν = α+ β is another decomposition with α≪ µ and
β ⊥ µ. Since νs ⊥ µ and β ⊥ µ, we may find sets A,B ∈ B such that µ(A) = µ(B) = 0 and
νs(X \ A) = β(X \ B) = 0. Then C = A ∪ B is a µ-null set, so νa(C) = α(C) = 0. Therefore,
for E ∈ B,

νa(E) = νa(E ∩ C︸ ︷︷ ︸
⊆C

) + νa(E \ C) = νa(E \ C) + νs(E \ C︸ ︷︷ ︸
⊆X\A

) = ν(E \ C)

and

νs(E) = νs(E ∩ C) + νs(E \ C︸ ︷︷ ︸
⊆X\A

) = νs(E ∩ C) + νa(E ∩ C︸ ︷︷ ︸
⊆C

) = ν(E ∩ C).
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Similarly, α(E) = ν(E \ C) and β(E) = ν(E ∩ C), so α = νa and β = νs. □

Theorem 9.15: Radon–Nikodym Theorem

Let (X,B, µ) be a σ-finite measure space. Let ν : B → [0,∞] be a positive measure, and
suppose ν ≪ µ. Then there exists a measurable function f : X → [0,∞] such that

ν(E) =

∫
E
f dµ

for every E ∈ B.

Before proving the Radon–Nikodym theorem, we make several remarks and observations. First,
the conclusion ν(E) =

∫
E f dµ for every E ∈ B is often abbreviated as dν = f dµ, which is justified

by the following observation:

Proposition 9.16

Let (X,B, µ) be a measurable space, and let ν : B → [0,∞] be the measure defined by
ν(E) =

∫
E f dµ for E ∈ B. Then

∫
X g dν =

∫
X gf dµ for every measurable function

g : X → [0,∞] and every ν-integrable function g : X → C.

Proof. If g = 1E for a measurable set E ∈ B, then
∫
X g dν =

∫
X gf dµ by the definition

of the measure ν. Thus,
∫
X g dν =

∫
X gf dµ for nonnegative simple functions by linearity,

then for nonnegative measurable functions by the monotone convergence theorem, and then for
integrable functions by another application of linearity. □

Next, the conclusion of the Radon–Nikodym theorem holds also for signed and complex mea-
sures.

Corollary 9.17: Radon–Nikodym Theorem for Signed and Complex Measures

Let (X,B, µ) be a σ-finite measure space.

(1) If ν : B → [−∞,∞] is a signed measure and ν ≪ µ, then there exists a measurable
function f : X → [−∞,∞] such that at least one of the quantities

∫
X f+ dµ or

∫
X f− dµ

is finite and dν = f dµ.
(2) If ν : B → C is a complex measure and ν ≪ µ, then there exists a µ-integrable function

f : X → C such that dν = f dµ.

Proof. (1) Let ν = ν+ − ν− be the Jordan decomposition of ν. Then ν+, ν− ≪ µ, so there
exist measurable functions f+ : X → [0,∞] and f− : X → [0,∞] such that ν+ = f+ dµ and
ν− = f− dµ. Taking f = f+ − f− completes the proof.

(2) Write ν = ν1 + iν2 as a combination of finite signed measures ν1 and ν2 and apply (1)
to find µ-integrable functions f1, f2 : X → R such that dνj = fj dµ. Then let f = f1 + if2. □

Remark. We have not defined integration against signed and complex measures, so the notation
dν = f dµ in Corollary 9.17 is not immediately justified by Proposition 9.16. To fill in this gap,
we may define, for a signed measure ν, the integral

∫
X g dν =

∫
X g dν+ −

∫
X g dν− whenever

both quantities are finite. Then decomposing a complex measure ν = ν1 + iν2 as a combination
of signed measures, we define

∫
X g dν =

∫
X g dν1 + i

∫
X g dν2 when both quantities are finite.
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Finally, the function f appearing in the conclusion of the Radon–Nikodym theorem is µ-
essentially unique. That is, if g is another function satisfying dν = g dµ, then f = g µ-a.e.
We call this µ-essentially unique function the Radon–Nikodym derivative. To be precise:

Definition 9.18

Let (X,B, µ) be a measure space, and let ν be a positive, signed, or complex measure. If
there is a measurable function f such that dν = f dµ, then f is called the Radon–Nikodym
derivative of ν with respect to µ, denoted by dν

dµ = f (a.e.).

Let us now turn to the proof of the Radon–Nikodym theorem.

Proof of Radon-Nikodym theorem. We first deal with the case that µ is finite.

Case 1. µ is a finite measure.

We construct the function f through its level sets by considering the Hahn decomposition of
the signed measure ν − rµ for r > 0. In order to ensure measurability in the end, we will
consider only rational values of r.

For r ∈ Q, r > 0, let (Pr, Nr) be a Hahn decomposition of ν − rµ, and let fr = r ·
1Pr . Define f : X → [0,∞] by f = supr∈Q,r>0 fr. Then f is measurable, and the pair
({f > c}, {f ≤ c}) is a Hahn decomposition of ν − cµ for every c ∈ [0,∞). Let us prove
ν(E) =

∫
E f dµ for every E ∈ B.

Let t > 1, and let Fk = {tk < f ≤ tk+1} for k ∈ Z. Then Fk is positive for ν − tkµ and
negative for ν − tk+1µ. Therefore,

t−1

∫
E∩Fk

f dµ ≤ tkµ(E ∩ Fk) ≤ ν(E ∩ Fk) ≤ tk+1µ(E ∩ Fk) ≤ t

∫
E∩Fk

f dµ.

Let F∞ = {f = ∞}. Then ∫
E∩F∞

f dµ = ∞ · µ(E ∩ F∞).

Moreover, ν − cµ is positive on F∞ for every c > 0, so ν ≥ ∞ · µ on F∞. On the other hand,
ν ≪ µ, so ν ≤ ∞ · µ. Hence,

∫
E∩F∞

f dµ = ν(E ∩ F∞). Now, summing over k ∈ Z ∪ {∞},

t−1

∫
E
f dµ ≤ ν(E) ≤ t

∫
E
f dµ.

Letting t→ 1, we conclude ν(E) =
∫
E f dµ by the squeeze theorem.

Now we prove the general case.

Case 2. µ is σ-finite.

Let X =
⋃

n∈NXn with µ(Xn) < ∞. We may assume that the sets (Xn)n∈N are pairwise
disjoint. By Case 1, there are measurable functions fn : Xn → [0,∞] such that ν(E) =∫
E fn dµ for E ∈ B, E ⊆ Xn. We then define f(x) = fn(x) if x ∈ Xn.

□

Using the Radon–Nikodym theorem, we can give an additional property that make the class of
s-finite measures quite natural.
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Proposition 9.19

Let (X,B, µ) be a measure space. The following are equivalent:

(i) µ is s-finite;
(ii) there exists a finite measure ν such that µ ≈ ν;
(iii) there exists a σ-finite measure ν such that µ≪ ν.

Proof. Problem 10 in the exam study guide. □

The Lebesgue decomposition theorem and Radon–Nikodym theorem are often combined into a
single theorem, the Lebesgue–Radon–Nikodym theorem, which can be stated as follows.

Corollary 9.20: Lebesgue–Radon–Nikodym Theorem

Let (X,B) be a measurable space. Let µ, ν : B → [0,∞] be measures on (X,B). Suppose µ is
σ-finite and ν is s-finite. Then there is a unique singular measure νs ⊥ µ and a µ-essentially
unique measurable function f : X → [0,∞] such that

ν(E) =

∫
E
f dµ+ νs(E)

for every E ∈ B.

3. Complex Borel Measures on R and their Derivatives

Suppose µ is a Lebesgue–Stieltjes measure on R. We say that µ is absolutely continuous (re-
spectively, singular) if it is absolutely continuous (resp., singular) with respect to the Lebesgue
measure λ. Given the distribution function Fµ, how can we determine the Lebesgue decomposition
µ = µa + µs into absolutely continuous and singular measures? And if µ ≪ λ, how does the
Radon–Nikodym derivative dµ

dλ relate to Fµ?
Before answering these questions, we slightly expand the objects under consideration. If µ :

Borel(R) → R is a finite signed measure, then we can write µ = µ+ − µ− and the distribution
function for µ will be a difference of increasing right-continuous functions Fµ = Fµ+ − Fµ− . How
can such functions be characterized? Inspired by the second expression for the total variation
measure in Proposition 9.10, we make the following definition:

Definition 9.21

Let f : R → C. The total variation of f is the function

Tf (x) = sup


n−1∑
j=0

|f(xj+1)− f(xj)| : n ∈ N,−∞ < x0 < x1 < · · · < xn ≤ x


We say that f is of bounded variation if Var(f) = supx∈R Tf (x) <∞.

Notation. We denote the class of functions of bounded variation by BV(R).

We make a few observations. If f ∈ BV(R) is real-valued, then Tf (b) − Tf (a) ≥ |f(b) − f(a)|,
so Tf ± f is an increasing function. We can thus write f = 1

2(Tf + f)− 1
2(Tf − f) as a difference of

increasing bounded functions. On the other hand, if f1 and f2 are bounded and increasing, then
Tf1−f2 ≤ f1 + f2, so Tf1−f2 is of bounded variation. Thus, we have the following characterization
of when a function can be expressed as a difference of increasing bounded functions.
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Proposition 9.22

A function f : R → R can be expressed as f = f1 − f2 with f1, f2 bounded and increasing if
and only if f ∈ BV(R).

We can combine this observation with the Hahn decomposition theorem and the classification
of positive Borel measures on R to characterize complex Borel measures on R. Define the class of
“normalized” functions of bounded variation by

NBV(R) =
{
F ∈ BV(R) : F is right continuous and lim

x→−∞
F (x) = 0

}
.

Theorem 9.23

Let F ∈ NBV(R). Then there is a unique complex Borel measure µF : Borel(R) → C such
that F (x) = µ((−∞, x]) for every x ∈ R. Moreover, the total variation of µF is the measure
|µF | = µTF

.

Remark. When we defined Lebesgue–Stieltjes measures, we used distribution functions normal-
ized to have F (0) = 0. The reason for making such a choice was that the distribution function
for a Lebesgue–Stieltjes measure may be unbounded; in particular, if µ is a Lebesgue–Stieltjes
measure, it is possible that µ((−∞, x]) = ∞ for every x ∈ R. By contrast, complex measures
take only finite values, so it is possible to take the (more convenient) normalization F (−∞) = 0.
This is also the standard practice in probability theory, where the function F (x) = µ((−∞, x])
is called the cumulative distribution function of µ.

A deep theorem in analysis that we will not have time to cover in this course is the Lebesgue
differentiation theorem, which states the following.

Theorem 9.24: Lebesgue Differentiation Theorem

Let µ, ν : Borel(R) → [0,∞] be locally finite Borel measures. Then the limit

lim
δ→0+

ν ((x− δ, x+ δ))

µ ((x− δ, x+ δ))

exists for µ-a.e. x ∈ R. Moreover, if ν = νa + νs is the Lebesgue decomposition of ν with
respect to µ, then the limit is equal µ-a.e. to the Radon–Nikodym derivative dνa

dµ .

Remark. The term “Lebesgue differentiation theorem” is sometimes used to refer to the fol-
lowing special case (corresponding to µ = λ and dν = f dλ). If f ∈ L1(R), then for a.e. x ∈ R,
limδ→0+

∫ x+δ
x−δ f(t) dt = f(x).

This leads to the following description of the Lebesgue decomposition of a complex Borel mea-
sure on R.

Theorem 9.25

Let F ∈ NBV(R). Then F is differentiable a.e. (with respect to the Lebesgue measure λ).
Moreover, if µF = µa + µs is the Lebesgue decomposition of µF with respect to λ, then
F ′ = dµa

dλ a.e.
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If µ is absolutely continuous, then we may write Fµ(x) =
∫ x
−∞

dµ
dλ (t) dt =

∫ x
−∞ F ′(t) dt. In

Exercise ??, you showed the following property: for any ε > 0, there exists δ > 0 such that if
E ∈ Borel(R) and λ(E) < δ, then |µ|(E) =

∫
E |F ′(t)| dt < ε. Inspired by this characterization, we

define absolute continuity of functions.

Definition 9.26

A function F : R → C is absolutely continuous if for every ε > 0, there exists δ > 0 with
the following property: if a < b1 ≤ a2 < b2 ≤ · · · ≤ an < bn and

∑n
i=1(bi − ai) < δ, then∑n

i=1 |F (bi)− F (ai)| < ε.

We then have the following theorem.

Theorem 9.27: Fundamental Theorem of Calculus for the Lebesgue Integral

(1) Suppose F : R → C is absolutely continuous. Then F is differentiable a.e. and F (b) −
F (a) =

∫ b
a F

′(x) dx for every a, b ∈ R.
(2) If f ∈ L1(R), then the function F (x) =

∫ x
−∞ f(t) dt is absolutely continuous, and F ′(x) =

f(x) a.e.

4. The Dual of Lp

As another application of the Radon–Nikodym theorem, we will show that Lp and Lq are dual
for conjugate exponents p, q ∈ (1,∞).

Theorem 9.28: Riesz–Fréchet Theorem

Let (X,B, µ) be a measure space. Let p, q ∈ (1,∞) with 1
p + 1

q = 1. For g ∈ Lq(µ), define

φg : Lp(µ) → C by φg(f) =
∫
X fg dµ. Then the map g 7→ φg is an isometric isomorphism

between Lq(µ) and Lp(µ)∗.

Proof. By Hölder’s inequality, ∥fg∥1 ≤ ∥f∥p ∥g∥q, so fg is an integrable function for f ∈ Lp(µ)

and g ∈ Lq(µ). Therefore, φg is a well-defined map for g ∈ Lq(µ). Linearity of φg follows
immediately from linearity of the integral. Moreover, the bound from Hölder’s inequality shows
that ∥φg∥Lp(µ)∗ ≤ ∥g∥q < ∞, so φg is continuous by Exercise ??. In fact, ∥g∥q = ∥φg∥Lp(µ)∗ by

Exercise ??, so g 7→ φg is an isometric embedding of Lq(µ) into Lp(µ)∗. It remains to check that
this map is surjective. Let φ ∈ Lp(µ)∗. We want to find a function g ∈ Lq(µ) such that φ = φg.
We break the proof into intermediate cases.

Case 1. µ is finite.

In this case, 1E ∈ Lp(µ) for every E ∈ B, so we may define a function ν : B → C by
ν(E) = φ(1E).
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Claim 1. ν is a complex measure.

First, ν(∅) = φ(1∅) = φ(0) = 0. Next, suppose (En)n∈N is a sequence of disjoint measur-
able sets, and let E =

⊔
n∈NEn. By linearity and continuity of φ, it suffices to show that∑N

n=1 1En → 1E in Lp(µ) as N → ∞. But∥∥∥∥∥1E −
N∑

n=1

1En

∥∥∥∥∥
p

=

∥∥∥∥∥
∞∑

n=N+1

1En

∥∥∥∥∥
p

= µ

( ∞⊔
n=N+1

En

)1/p

−−−−→
N→∞

0

by continuity of µ from above.

By construction, ν ≪ µ, so by the Radon–Nikodym theorem, there is a µ-essentially
unique measurable function g : X → C such that dν = g dµ.

Claim 2. φ = φg on the space S of simple functions.

Let s =
∑n

j=1 cj1Ej ∈ S. Then

φ(s) =

n∑
j=1

cjφ(1Ej ) =

n∑
j=1

cjν(Ej) =

n∑
j=1

cj

∫
Ej

g dµ =

∫
X
sg dµ = φg(s).

Claim 3. φ = φg on L∞(µ).

(Note that L∞(µ) ⊆ Lp(µ) since µ is a finite measure; see Exercise ??(a).) Given f ∈
L∞(µ), we may find a bounded sequence of simple functions (sn)n∈N such that |sn| ≤ |f |
and sn → f a.e. by Proposition 3.7. Then by the bounded convergence theorem, sn → f
in Lp(µ), so φ(f) = limn→∞ φ(sn). Similarly, sng → fg a.e., and |sng| ≤ |fg| ∈ L1(µ), so
by the dominated convergence theorem, φg(f) = limn→∞ φg(sn). By Claim 2, it follows
that φ(f) = φg(f).

Claim 4. g ∈ Lq(µ).

For n ∈ N, let En = {|g| ≤ n}, and let gn = g1En so that |gn| ≤ |g| and gn → g a.e. By
the dominated convergence theorem, it follows that gn → g in L1(µ). If g = 0 a.e., then
g ∈ Lq(µ), so assume g ̸= 0. Then gn ̸= 0 for large n; in particular, ∥gn∥q > 0. Since µ is

finite and gn is bounded, we also have ∥gn∥q <∞.

Let fn = |gn|q−2gn
∥gn∥q−1

q

so that fng = fngn = |gn|q
∥gn∥q−1

q

. Then
∫
X fng dµ = ∥gn∥q. Moreover,∫

X
|fn|p dµ =

1

∥gn∥p(q−1)
q

∫
X
|gn|p(q−1) dµ =

1

∥gn∥qq

∫
X
|gn|q dµ = 1.

Therefore, by Fatou’s lemma and claim 3,

∥g∥q ≤ lim inf
n→∞

∥gn∥q = lim inf
n→∞

∫
X
fng dµ = lim inf

n→∞
φ(fn) ≤ ∥φ∥Lp(µ)∗ <∞.

By Claim 4, the functional φg is defined on all of Lp(µ).
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Claim 5. φ = φg on Lp(µ)

Both φ and φg are continuous linear functionals on Lp(µ), and they agree on the dense
set S, so they must be equal.

Claims 4 and 5 together complete the proof in the finite case.

Case 2. µ is σ-finite.

Write X as an increasing union X =
⋃

n∈NXn of measurable sets Xn ∈ B with µ(Xn) < ∞.
We may identify Lp(µ|Xn) with the subspace of Lp(µ) of functions that vanish outside of Xn.
Using Case 1, let gn ∈ Lq(µ|Xn) be the representative of φ|Lp(µ|Xn )

. By uniqueness of gn, we
must have gn = gm a.e. on Xm for n > m. Therefore, g = limn→∞ gn is defined a.e. on X
and ∥g∥q = limn→∞ ∥gn∥q ≤ ∥φ∥Lp(µ)∗ < ∞. By the dominated convergence theorem and

continuity of φ, we conclude that φ = φg.

Case 3. µ is an arbitrary (positive) measure.

Let F be the family of σ-finite subsets of X. For each F ∈ F , we may use Case 2 to find
gF ∈ Lq(µ|F ) representing the functional φ|Lp(µ|F ). LetM = supF∈F ∥gF ∥q ≤ ∥φ∥Lp(µ)∗ <∞.

Let (Fn)n∈N be a sequence in F such that ∥gFn∥q → M . Let F =
⋃

n∈N Fn, and let g = gF .

Then ∥g∥q ≥ ∥gFn∥q for every n ∈ N, so ∥g∥q =M .
Suppose A ∈ F and A ⊇ F . Then∫

X
|g|q dµ =M q ≥

∫
X
|gA|q dµ =

∫
X
|gA\F |q dµ+

∫
X
|g|q dµ,

so gA\F = 0 a.e. and gA = g a.e.
We claim φ = φg. Let f ∈ Lp(µ). By Chebyshev’s inequality (see Problem 6 on the exam

study guide),

µ

({
|f | ≥ 1

n

})
≤ np

∫
X
|f |p dµ <∞,

so {f ̸= 0} ∈ F . Let A = F ∪ {f ̸= 0} ∈ F . Since f vanishes outside of A, we have
φ(f) = φgA(f). Moreover, gA = g a.e., so φgA(f) = φg(f).

□

Remark. Under the additional assumption that µ is σ-finite, the Riesz–Fréchet theorem holds
also for p = 1 and q = ∞ by essentially the same argument presented above. (The only step
requiring some modification is the proof of Claim 4.)

However, outside of extremely limited cases (such as counting measure on a finite set), the
dual space L∞(µ)∗ is much larger than L1(µ). Providing a useful description of L∞(µ)∗ requires
the development of additional tools from functional analysis that will not be addressed in these
notes.
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Corollary 9.29

Let (X,B, µ) be a measure space. If φ : L2(µ) → C is a continuous linear functional, then
there exists a unique g ∈ L2(µ) such that φ(f) = ⟨f, g⟩ for every f ∈ L2(µ).

Remark. Corollary 9.29 can be proved using different techniques from functional analysis. It
is a general fact of Hilbert spaces that every continuous linear functional on a Hilbert space can
be represented as the inner product with an element of the Hilbert space. This is known as the
Riesz representation theorem (not to be confused with the other Riesz representation theorem
covered in Theorem 5.6 in these notes).

5. The Riesz Representation Theorem, Revisited

Let X be an LCH space. The Riesz representation theorem established a one-to-one correspon-
dence between positive linear functionals on Cc(X) and Radon measures on X. One may guess
that dropping the assumption of positivity on the linear functional corresponds to dropping the
assumption of positivity on the measures. What we now want to show is that such a statement is
true: the dual of Cc(X) is a space of complex measures.

First we need some preliminaries. The space Cc(X) is not complete in general, so when working
with continuous linear functionals, it is more natural to work with its completion.

Definition 9.30

Let X be an LCH space. We say that a function f : X → C vanishes at infinity if for every
ε > 0, there exists a compact set K such that supx/∈K |f(x)| < ε. We denote by C0(X) the
space of continuous functions on X that vanish at infinity.

The next proposition shows that the dual space Cc(X)∗ is the same as the dual space C0(X)∗.

Proposition 9.31

LetX be an LCH space. Then C0(X) is a Banach space with the norm ∥f∥u = supx∈X |f(x)|,
and Cc(X) is dense in C0(X). In particular, if φ : Cc(X) is a continuous linear functional,
then φ has a unique extension to a continuous linear functional φ̃ : C0(X) → C.

Proof. Let us first show that C0(X) is complete and then show that Cc(X) is a dense subspace.

Claim 1. C0(X) is complete.

Let (fn)n∈N be a Cauchy sequence in C0(X). Then for each x ∈ X, since |fn(x)− fm(x)| ≤
∥fn − fm∥u, the sequence (fn(x))n∈N is Cauchy. We may therefore define a limit pointwise
by f(x) = limn→∞ fn(x).

Let ε > 0. Then choose N ∈ N so that |fn(x)− fm(x)| < ε for every n,m ≥ N and every
x ∈ X. Then for every x ∈ X and every n ≥ N , |fn(x)− f(x)| ≤ supm≥N |fn(x)− fm(x)| ≤
ε. Hence, fn → f uniformly. The uniform limit of continuous functions is continuous, so
f : X → C is continuous.

It remains to check that f vanishes at infinity. Let ε > 0. Let n ∈ N such that ∥fn − f∥u <
ε
2 , and let K ⊆ X be a compact set such that supx/∈K |fn(x)| < ε

2 . Then supx/∈K |f(x)| < ε,
so f ∈ C0(X).
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Claim 2. Cc(X) is dense in C0(X).

Let f ∈ C0(X), and let ε > 0. Let K be a compact set such that supx/∈K |f(x)| < ε. By
Urysohn’s lemma, let g ∈ Cc(X) with K ≺ g. Then supp (fg) ⊆ supp (g), so fg ∈ Cc(X).
Moreover, |fg| ≤ |f |, and fg = f on K. Thus, ∥fg − f∥u = supx∈X(|f(x)g(x)| − |f(x)|) ≤
supx/∈K |f(x)| < ε.

□

Now we need to find the appropriate space of measures to replace positive Radon measures.
Note that if a positive linear functional is continuous (bounded) on Cc(X), then it is represented
by a finite measure, which guarantees regularity (Radon measures are inner regular on all (σ-)finite
sets by Proposition 8.4). So the natural guess for the dual space of C0(X) is the space of regular
complex measures, but what does “regular” mean in this context? To answer this question, we
associate to each complex measure a positive measure capturing some of its behavior.

Definition 9.32

Let (X,B) be a measurable space, and let µ : B → C be a complex measure. The total
variation of µ is the measure |µ| defined by

|µ|(E) = sup

{ ∞∑
n=1

|µ(En)| : E =
⊔
n∈N

En

}
for E ∈ B. The total variation norm of µ is the quantity ∥µ∥TV = |µ|(X).

The definition of the total variation of a complex measure is motivated by Proposition 9.10.
For more on the total variation measure, see Exercise ??.

Proposition 9.33

Let (X,B) be a measurable space, and let M(X,B) be the space of complex measures on
(X,B). Then ∥·∥TV is a norm on M(X,B).

Proof. We need to check three properties.

Claim 1. ∥·∥TV is absolutely homogeneous.

For µ ∈ M(X,B) and c ∈ C,

∥cµ∥TV = sup


∞∑
n=1

|cµ(En)|︸ ︷︷ ︸
|c||µ(En)|

: X =
⊔
n∈N

En

 = |c| ∥µ∥TV .

Claim 2. ∥·∥TV satisfies the triangle inequality.

Let µ, ν ∈ M(X,B). Then
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∥µ+ ν∥TV = sup


∞∑
n=1

|µ(En) + ν(En)|︸ ︷︷ ︸
≤|µ(En)|+|ν(En)|

: X =
⊔
n∈N

En

 ≤ ∥µ∥TV + ∥ν∥TV .

Claim 3. ∥·∥TV is positive definite.

Suppose µ ∈ M(X,B) and ∥µ∥TV = 0. Then
∑∞

n=1 |µ(En)| = 0 for every X =
⊔

n∈NEn. In
particular, given E ∈ B, we put E1 = E, E2 = X \ E, and E3 = E4 = · · · = ∅ to conclude
that |µ(E)|+ |µ(X \ E)| = 0. Hence, µ = 0.

□

Definition 9.34

Let X be an LCH space. A complex measure µ : Borel(X) → C is regular if its total variation
|µ| is regular.

We now have all of the relevant definitions in order to state a version of the Riesz representation
theorem relating continuous linear functionals to complex measures.

Theorem 9.35: Riesz Representation Theorem (Complex Measures)

Let X be an LCH space. Then C0(X)∗ is isometrically isomorphic to the space of complex
regular Borel measure on X with the total variation norm. That is, for any continuous linear
functional φ : C0(X) → C, there is a unique complex regular Borel measure µ on X such
that

φ(f) =

∫
X
f dµ

for every f ∈ C0(X), and ∥φ∥C0(X)∗ = ∥µ∥TV .

Proof. Let C0(X,R) ⊆ C0(X) be the space of real-valued continuous functions onX that vanish
at infinity. Note that every element f ∈ C0(X) can be written as f1+ if2 with f1, f2 ∈ C0(X,R),
and φ(f) = φ(f1) + iφ(f2), so φ is determined by its values on C0(X,R). Let φ1, φ2 ∈ C0(X)∗

such that φj(f) ∈ R for every f ∈ C0(X,R) and φ = φ1 + iφ2. (We define φ1 by Re (φ) on
C0(X,R) and extend to C0(X) by linearity and similarly for φ2.) We want to prove a Jordan
decomposition for φ1 and φ2 to be able to apply the Riesz representation theorem for positive
linear functionals.

Claim 1. If ψ : C0(X,R) → R is a bounded linear functional, then there exist positive
bounded linear functionals ψ+ and ψ− such that ψ = ψ+ − ψ−.

For f ∈ C0(X,R), f ≥ 0, define

ψ+(f) = sup {ψ(g) : g ∈ C0(X,R), 0 ≤ g ≤ f} .
Note that 0 = ψ(0) ≤ ψ+(f) ≤ sup0≤g≤f |ψ(g)| ≤ ∥ψ∥C0(X,R)∗ ∥f∥u. We need to show that

ψ+ is linear, which will be similar to our proof of linearity of the integral.
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For c ≥ 0, we have ψ+(cf) = cψ+(f), since ψ is linear. Let f1, f2 ∈ C0(X,R), f1, f2 ≥ 0. If
0 ≤ g1 ≤ f1 and 0 ≤ g2 ≤ f2, then 0 ≤ g1+g2 ≤ f1+f2, so ψ

+(f1+f2) ≥ ψ+(f1)+ψ
+(f2). On

the other hand, given 0 ≤ g ≤ f1+f2, we may set g1 = min{g, f1} and g2 = g−g1 so that 0 ≤
gj ≤ fj and ψ(g) = ψ(g1)+ψ(g2) ≤ ψ+(f1)+ψ

+(f2). Hence, ψ
+(f1+f2) ≤ ψ+(f1)+ψ

+(f2).
This shows that ψ+ extends to a linear functional on C0(X,R) by ψ+(f) = ψ+(f+)−ψ+(f−).
Moreover, for f ∈ C0(X,R),

|ψ+(f)| = |ψ+(f+)− ψ+(f−)| ≤ ψ+(f+) + ψ+(f−) = ψ+(|f |) ≤ ∥ψ∥C0(X,R)∗ ∥f∥u ,

so ψ+ ∈ C0(X,R)∗.
Let ψ− = ψ+−ψ ∈ C0(X,R)∗. Suppose f ≥ 0. Then ψ+(f) ≥ ψ(f), so ψ−(f) ≥ 0. That

is, ψ− is a positive bounded linear functional.

By Claim 1, we may decompose φj = φ+
j − φ−

j for j ∈ {1, 2}. By the Riesz representation

theorem, there is a finite regular Borel measure µ±j such that φ±
j (f) =

∫
X f dµ±j for every

f ∈ Cc(X) and hence for every f ∈ C0(X) by continuity. Define µ = µ+1 − µ−1 + i(µ+2 − µ−2 ).
Then µ is a complex regular Borel measure on X and φ(f) =

∫
X f dµ.

Claim 2. ∥µ∥TV = ∥φ∥C0(X)∗ .

Let f ∈ C0(X) with ∥f∥u ≤ 1. Then

|φ(f)| =
∣∣∣∣∫

X
f dµ

∣∣∣∣ = ∣∣∣∣∫
X
f
dµ

d|µ|
d|µ|

∣∣∣∣ ≤ ∫
X
|f | d|µ| ≤ |µ|(X) = ∥µ∥TV ,

where we have used that
∣∣∣ dµ
d|µ|

∣∣∣ = 1 |µ|-a.e. (see Exercise ??). Therefore, ∥φ∥C0(X)∗ ≤ ∥µ∥TV .

Let ε > 0. Let g = dµ
d|µ| . Note that |g| = 1 |µ|-a.e. By Lusin’s theorem (Theorem 8.9),

there is a continuous function f ∈ Cc(X) such that |µ|({f ̸= g}) < ε
2 and ∥f∥u ≤ 1. Thus,

∥φ∥C0(X)∗ ≥ |φ(f)| =
∣∣∣∣∫

X
f dµ

∣∣∣∣ = ∣∣∣∣∫
X
fg d|µ|

∣∣∣∣ ≥ |µ|({f = g})− |µ|({f ̸= g}) > ∥µ∥TV − ε.

It remains to check the uniqueness part of the theorem.

Claim 3. If µ and ν are complex regular Borel measures on X and
∫
X f dµ =

∫
X f dν

for every f ∈ C0(X), then µ = ν.

Let ρ = µ − ν. Then
∫
X f dρ = 0 for every f ∈ C0(X), so by Claim 2, ∥ρ∥TV = 0. Thus,

ρ = 0 by Proposition 9.33.

□

Chapter Notes

The presentation of material in this chapter is heavily influenced by the book of Folland [Fol99].
The first 3 sections correspond to material from [Fol99, Chapter 3], section 4 to [Fol99, Section
6.2], and the final section to [Fol99, Section 7.3]. The largest point of departure from [Fol99] is the
proofs of the Hahn decomposition theorem and the Radon–Nikodym theorem. The construction
of the Hahn decomposition provided in these notes uses the original argument of Hahn, which, for
reasons still somewhat mysterious to me, has largely been displaced by other proofs in the most
commonly used measure theory texts. It is also quite common for the Lebesgue decomposition
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and Radon–Nikodym theorem to be proved simultaneously (as in different arguments presented
in [Fol99] and [Rud87, SS05]); this can provide a slick and clever proof, but the end result
is to reveal the existence of a Radon–Nikodym derivative without much indication of what that
derivative looks like. This is in contrast with the proof presented in these notes, which builds the
Radon–Nikodym derivative explicitly through level sets using the Hahn decomposition theorem.
I learned of Hahn’s proof of the Hahn decomposition theorem, the level set construction of the
Radon–Nikodym derivative, and the role of s-finite measures in the whole theory from one of my
graduate school professors, Neil Falkner. Additional historical comments and sketches of many of
the proofs from this chapter appear in one of his articles [Fal19].
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APPENDIX A

Metric Spaces and Topological Spaces

This appendix includes a very brief overview of concepts from point set topology. It is not
expected for this course that you have a complete mastery of the subject, but we will use various
concepts covered herein throughout the course. You may which to return to this appendix when
relevant as the semester goes along.

You should be aware that these notes are light on exposition and heavy on definitions. I have
tried to include interesting and illustrative examples and exercises to help with understanding the
definitions. However, if you are struggling with any of the concepts, you may wish to consult a
longer reference on metric spaces or topology.

1. Metric spaces

Metric spaces are an abstract mathematical object capturing the essential features of the notion
of “distance.”

Definition A.1

A metric (or distance) on a set X is a function d : X ×X → [0,∞) satisfying the following
properties for all x, y, z ∈ X:

• positive definite: d(x, y) = 0 ⇐⇒ x = y;
• symmetric: d(x, y) = d(y, x); and
• triangle inequality: d(x, z) ≤ d(x, y) + d(y, z).

If d is a metric on X, we say that the pair (X, d) is a metric space.

1.1. Examples of metric spaces.

Example A.2: Real numbers as a metric space

The real numbers are a metric space with the metric d(x, y) = |x− y|.

Example A.3: Metrics on Euclidean spaces

Let k ∈ N. The Euclidean space Rk can be equipped with several different metrics. These
include:

• Euclidean distance: d2(x,y) =
√∑k

j=1(xj − yj)2

• Manhattan or taxicab distance: d1(x,y) =
∑k

j=1 |xj − yj |
• Chebyshev distance: d∞(x,y) = max1≤j≤k |xj − yj |
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Example A.4: Discrete metric

Every set can be made into a metric space with the discrete metric

d(x, y) =

{
0, if x = y;

1, if x ̸= y.

Example A.5: Graph distance

Every connected graph can be viewed as a metric space by defining, for pairs of vertices u, v,

d(u, v) = # of edges in the shortest path from u to v.

Exercise A.1

Check that the spaces in the above examples are metric spaces.

1.2. Limits and continuity. Since metric spaces come with a notion of points being “close”
to one another, they are a natural setting for dealing with familiar notions from analysis such as
limits, continuity, etc.

Definition A.6

Let (X, d) be a metric space. Let (xn)n∈N be a sequence in X and x ∈ X. We say that
(xn)n∈N converges to x, written limn→∞ xn = x, if for every ε > 0, there exists N ∈ N such
that

n ≥ N =⇒ d(xn, x) < ε.

Definition A.7

Let (X, d) and (Y, ρ) be metric spaces, and let f : X → Y .

• f is continuous at a point x ∈ X if for every ε > 0, there exists δ > 0 such that if
x′ ∈ X and d(x′, x) < δ, then ρ(f(x′), f(x)) < ε.

• f is continuous if it is continuous at every point x ∈ X.
• f is uniformly continuous if for every ε > 0, there exists δ > 0 such that if x1, x2 ∈ X
with d(x1, x2) < δ, then ρ(f(x1), f(x2)) < ε.

Remark. Note that this agrees with the usual definition of limits and continuity in the real
numbers using the metric from Example A.2.

Exercise A.2

Show that every uniformly continuous function is continuous. Give an example of a function
that is continuous but not uniformly continuous.

Exercise A.3

Let (X, d) and (Y, ρ) be metric spaces, let f : X → Y , and let x ∈ X. Show that
f is continuous at x if and only if for every sequence (xn)n∈N, if limn→∞ xn = x, then
limn→∞ f(xn) = f(x).
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1.3. Open and closed sets.

Definition A.8

Let (X, d) be a metric space.

• The open ball of radius r > 0 centered at a point x ∈ X is the set B(x, r) = {y ∈
X : d(x, y) < r}.

• The closed ball of radius r > 0 centered at a point x ∈ X is the set B[x, r] = {y ∈
X : d(x, y) ≤ r}.

• A set U ⊆ X is open if for every x ∈ U , there exists r > 0 such that B(x, r) ⊆ U .
• A set C ⊆ X is closed if every point approximable by elements of C belongs to C.
That is, if x ∈ X and B(x, r) ∩ C ̸= ∅ for every r > 0, then x ∈ C.

• A set D ⊆ X is dense if every point can be approximated arbitrarily well by
elements of D. That is, for every x ∈ X and every ε > 0, there exists y ∈ D such
that d(x, y) < ε.

• The closure of a set E ⊆ X, denoted by E, is the smallest closed set containing E.
• The interior of a set E ⊆ X, denoted by E◦, is the largest open set contained in E.

Exercise A.4

Prove the following properties of open and closed sets:

(a) For every x ∈ X and r > 0, the open ball B(x, r) is open.
(b) For every x ∈ X and r > 0, the closed ball B[x, r] is closed.

(c) There exists a metric space (X, d), a point x ∈ X, and a radius r > 0 such that B(x, r) ̸=
B[x, r].

(d) A set is open if and only if its complement is closed.
(e) An arbitrary intersection of closed sets is closed.
(f) An arbitrary union of open sets is open.
(g) The closure and interior of a set are well-defined. (Hint: use (b) and (c).)
(h) A set D is dense in X if and only if D = X.

1.4. Properties of metric spaces. We now discuss different properties that metric spaces
may possess. To enable this discussion, we need another definition.

Definition A.9

Let (X, d) be a metric space. A sequence (xn)n∈N is a Cauchy sequence if for every ε > 0,
there exists N ∈ N such that

n,m ≥ N =⇒ d(xn, xm) < ε.

Exercise A.5

Show that every convergent sequence in a metric space is Cauchy.

In a Cauchy sequence, the terms cluster together and appear to want to converge. However,
convergence is not guaranteed.
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Example A.10

Consider Q as a metric space with metric d(x, y) = |x − y|. Define a sequence (xn)n∈N
recursively as follows:

x0 = 2

xn =
xn−1

2
+

1

xn−1
.

Since we start with a rational value for x0, it is clear from the recurrence relation that xn is
rational for every n ∈ N. By the arithmetic mean-geometric mean inequality,

xn =
1

2

(
xn−1 +

2

xn−1

)
>

√
xn−1 ·

2

xn−1
=

√
2.

It follows that (xn)n∈N is a decreasing sequence, since

xn = xn−1 +
1

xn−1

(
−
x2n−1

2
+ 1

)
︸ ︷︷ ︸

<0

< xn−1.

Thus, (xn)n∈N is a strictly decreasing sequence in the interval Q ∩ (
√
2, 2]. One can check

that bounded monotone sequences are always Cauchy in Q.
However, the sequence (xn)n∈N does not converge in Q. To see this, suppose for contra-

diction that x = limn→∞ xn. Then

x = lim
n→∞

xn = lim
n→∞

(
xn−1

2
+

1

xn−1

)
=
x

2
+

1

x
.

Solving for x gives x =
√
2, but

√
2 is an irrational number, so (xn)n∈N does not converge in

Q.

The failure of convergence in Example A.10 comes from the fact that the rational numbers
have “holes” that are filled in with irrationals in the reals. Spaces without such “holes” are called
complete.

Definition A.11

A metric space is complete if every Cauchy sequence converges.

Theorem A.12

Given a metric space (X, d), there exists a space (X̃, d̃) such that

• (X̃, d̃) is complete;

• there is an isometrya ι : X → X̃; and

• ι(X) is dense in X̃.

aAn isometry is a distance-preserving map. Saying that ι is an isometry means d̃(ι(x1), ι(x2)) = d(x1, x2) for
all x1, x2 ∈ X.

Remark. The space (X̃, d̃) is called the completion of (X, d).
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Example A.13

The real numbers are the completion of the rational numbers.

Proof of Theorem A.12. (Sketch) Let Y be the space of Cauchy sequences (xn)n∈N in X.
Define an equivalence relation on Y by

(xn)n∈N ∼ (x′n)n∈N ⇐⇒ lim
n→∞

d(xn, x
′
n) = 0.

We then let X̃ = Y/ ∼ be the space of equivalence class of sequences with the metric

d̃
(
[(xn)n∈N], [(x

′
n)n∈N]

)
= lim

n→∞
d(xn, x

′
n).

The map ι : X → X̃ is defined by ι(x) = (x, x, x, . . . ) for x ∈ X. Given a Cauchy sequence

(xn)n∈N, the corresponding sequence (ι(xn))n∈N in X̃ now converges to the point [(xn)n∈N] ∈
X̃. □

One of the main theorems concerning convergence of sequences in the real numbers is the
Bolzano–Weierstrass theorem, which says that every bounded sequence of real numbers has a
convergent subsequence. This motivates the following definition.

Definition A.14

Let (X, d) be a metric space. A set K ⊆ X is sequentially compact if every sequence in K has
a convergent subsequence in K. That is, for every (xn)n∈N in K, there exists a subsequence
(nk)k∈N such that limk→∞ xnk

∈ K.

It turns out that for metric spaces, a set being sequentially compact is equivalent to another
notion of compactness given in the next definition.

Definition A.15

Let (X, d) be a metric space. A set K ⊆ X is compact if every open cover of K has a finite
subcover. That is, if (Ui)i∈I is a family of open sets and K ⊆

⋃
i∈I Ui, then there exists a

finite set {i1, . . . , iN} ⊆ I such that K ⊆
⋃N

j=1 Uij .

Theorem A.16

Let (X, d) be a metric space. The following are equivalent:

(i) X is sequentially compact;
(ii) X is compact;
(iii) X is complete and totally bounded (i.e., for every ε > 0, there is a finite set

{x1, . . . , xN} ⊆ X such that X =
⋃N

j=1B(xj , ε)).

Exercise A.6

Prove Theorem A.16.

Compact subsets of the real line are characterized by the Heine–Borel theorem.
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Theorem A.17: Heine–Borel

A subset K ⊆ R is compact if and only if it is closed and bounded.

2. Topological spaces

Topological spaces involve another level of abstraction, dispensing with the notion of distance
but retaining a notion of open sets.

Definition A.18

A topology on a set X is a collection of subsets of X, τ ⊆ P(X), such that

• ∅, X ∈ τ ;
• if {Ui}i∈I ⊆ τ , then

⋃
i∈I Ui ∈ τ ;

• if U, V ∈ τ , then U ∩ V ∈ τ .

Elements of τ are called open sets, and the pair (X, τ) is called a topological space.

Example A.19: Discrete and anti-discrete topology

Let X be a set. The discrete topology on X is τdisc = P(X), and the anti-discrete topology
on X is τanti-disc = {∅, X}.

Example A.20: Metric spaces

Let (X, d) be a metric space. The open sets (as defined in Definition A.8) form a topology
on X.

Exercise A.7

Check that the above examples satisfy the definition of a topology.

Remark. When discussing topological spaces, it is typical to omit explicit reference to τ and
simply refer to its elements as open sets. In line with this standard mathematical practice, for
the remainder of this document we will write, “X is a topological space,” with the understanding
that this entails an implicit collection of open sets.

2.1. Subsets of topological spaces. Motivated by the corresponding definitions for metric
spaces, we introduce terminology for special classes of subsets of a topological space.

Definition A.21

Let X be a topological space.

• A set is closed if its complement is open.
• The closure of a set E is the smallest closed set containing E.
• The interior of E is the largest open set contained in E.
• A set D is dense in X if every nonempty open set in X intersects D.
• A set K ⊆ X is compact if every open cover of K has a finite subcover.

2.2. Bases. It is often impractical to specify a topology by listing every possible open set.
One instead frequently defines a topology in terms of a basis (or base).
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Definition A.22

A basis (or base) for a topological space X is a family B of open sets such that

• for every point x ∈ X, there exists B ∈ B such that x ∈ B,
• for every B1, B2 ∈ B and every point x ∈ B1 ∩ B2, there exists B3 ∈ B such that
x ∈ B3 ⊆ B1 ∩B2.

One should think of the basis axioms as corresponding to the assumption that X is open and
that the intersection of two open sets is again an open set. The condition that arbitrary unions
of open sets are open does not appear anywhere in the definition of a basis; this is because the
topology generated by the basis consists precisely of arbitrary unions of basis elements.

Example A.23

In a metric space, the family of open balls forms a basis.

Example A.24: Furstenberg topology on the integers

For a, b ∈ Z with a ̸= 0, let S(a, b) = {an + b : n ∈ Z} = aZ + b. Then (S(a, b))a,b∈Z,a̸=0 is
the basis for a topology on Z.

Exercise A.8

Show that each basis element S(a, b) is also closed in the Furstenberg topology. Use the
fundamental theorem of arithmetic to find an expression for the set Z\{−1,+1} and conclude
that there are infinitely many prime numbers.

2.3. Limits and continuity. We now extend notions of convergence and continuous functions
to the setting of topological spaces.

Definition A.25

A sequence (xn)n∈N in a topological space X converges to x ∈ X if for every open neighbor-
hood U ∋ x, there exists N ∈ N such that

n ≥ N =⇒ xn ∈ U.

Definition A.26

Let X and Y be topological spaces. A function f : X → Y is continuous if for every open
set V ⊆ Y , the preimage f−1(V ) is open in X.

Exercise A.9

Check that these definitions agree with the corresponding definitions for metric spaces.

Exercise A.10

Suggest a definition for what it means for f to be continuous at a point x ∈ X. The definition
should generalize the definition for metric spaces.
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2.4. Properties of topological spaces. There are many properties that topological spaces
may or may not have. We give a list of various properties that will play a role in this course.

Definition A.27

Let X be a topological space. We say that X is

• second countable if there is a countable basis for the topology
• separable if there is a countable dense subset
• locally compact if for every x ∈ X, there is an open set U ∋ X such that U is
compact

• Hausdorff if for every pair of distinct points x, y ∈ X, x ̸= y, there are open sets
U ∋ x and V ∋ y such that U ∩ V = ∅

• metrizable if there is a metric inducing the topology
• completely metrizable if it is metrizable and there is a compatible metric for which
X is complete

• Polish if it is separable and completely metrizable

Exercise A.11

Give an example of a non-metrizable topological space.

Exercise A.12

Show that every metric space is Hausdorff.

Exercise A.13

(a) Show that every second countable space is separable.
(b) Show that if X is a separable metric space, then it is second countable.
(c) Give an example of a separable topological space that is not second countable.
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APPENDIX B

Taxonomy of Measures

In this appendix, we collect various properties that measures may or may not have and that ap-
pear throughout the notes. The properties are arranged into a taxonomy in Figure B.1. Definitions
of each property are given afterwards.

Finiteness Conditions
s-finite

µ =
∑∞

n=1 µn,
µn finite

probability
µ(X) = 1

finite
µ(X) <∞

σ-finite
X =

⋃
n∈NXn,

µ(Xn) <∞

semi-finite
if µ(E) = ∞, then

∃F ⊆ E, 0 < µ(F ) <∞

Measurability Conditions

complete
if µ(N) = 0 and E ⊆ N ,
then E is measurable

saturated
if E ∩ F is measurable whenver µ(F ) <∞,

then E is measurable

Continuity Conditions

discrete
µ =

∑
x∈X cxδx

(purely) atomic
if µ(E) > 0, then E contains a set A such that

µ(A) > 0 and B ⊆ A =⇒ µ(B) = 0 or µ(A \B) = 0

continuous
µ({x}) = 0

non-atomic/diffuse
if µ(E) > 0, then ∃F ⊆ E such that

µ(F ) > 0 and µ(E \ F ) > 0

if singletons

are measurable

complementary complementary

if singletons

are measurable

Regularity Conditions (for Borel Measures)
locally finite ∀x ∈ X,∃U ∋ x neighborhood with µ(U) <∞
outer regular µ(E) = inf{µ(U) : U ⊇ E open}
inner regular µ(E) = sup{µ(K) : K ⊆ E compact}

Figure B.1. Taxonomy of Measures
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1. Properties of Measures

Definition B.1

Let (X,B, µ) be a measure space. A set E is

• locally measurable if E ∩K ∈ B for every set K ∈ B with µ(K) <∞;
• an atom if µ(E) > 0 and every measurable subset F ⊆ E, F ∈ B satisfies either
µ(F ) = 0 or µ(E \ F ) = 0.

Definition B.2

Let (X,B) be a measurable space. A measure µ on (X,B) is
• a probability measure if µ(X) = 1;
• finite if µ(X) <∞;
• σ-finite if there is a countable sequence of measurable sets (Xn)n∈N in B such that
X =

⋃
n∈NXn and µ(Xn) <∞ for each n ∈ N;

• s-finite if µ is a countable sum µ =
∑

n∈N µn of finite measures µn : B → [0,∞);
• semi-finite if every set of infinite measure contains a subset of positive finite measure,
i.e. if E ∈ B and µ(E) = ∞, then there exists F ∈ B with F ⊆ E and µ(F ) <∞;

• complete if every subset of every null set is measurable, i.e. if E ⊆ X and there
exists N ∈ B with E ⊆ N and µ(N) = 0, then E ∈ B;

• saturated if every locally measurable set is measurable;
• discrete if µ is a combination of Dirac measures, µ =

∑
x∈X cxδx for some coefficients

cx ∈ [0,∞];
• continuous if µ has no point masses, i.e. µ({x}) = 0 for every x ∈ X;
• (purely) atomic if every set of positive measure contains an atom;
• non-atomic or diffuse if there are no atoms.

If X is a topological space and B = Borel(X), then µ is

• locally finite if every point has a neighborhood of finite measure;
• outer regular if µ(E) = inf{µ(U) : U ⊇ E open} for every E ∈ B;
• inner regular if µ(E) = sup{µ(K) : K ⊆ E compact} for every E ∈ B.

The relationships between the various properties in Definition B.2 are displayed in Figure B.1.

2. Finiteness Properties

As shown in Figure B.1, every probability measure is finite, every finite measure is σ-finite, and
every σ-finite measure is both s-finite and semi-finite. The next example shows that s-finiteness
and semi-finiteness are rather different notions from one another, neither one implying the other.

Example B.3

An s-finite measure that is not semi-finite: Let X be a non-empty set, and let x ∈ X.
Define µ(E) = ∞ if x ∈ E and µ(E) = 0 if x /∈ E. Then µ =

∑∞
n=1 δx, so µ is s-finite.

However, the set {x} has infinite measure and no subsets of non-zero finite measure, so µ is
not semi-finite.

A semi-finite measure that is not s-finite: Let X be an uncountable set, and let
µ : P(X) → [0,∞] be the counting measure on X. If E ⊆ X and µ(E) = ∞, then taking
any point x ∈ E, we have µ({x}) = 1 < ∞, so µ is a semi-finite measure. However, since
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X is uncountable, µ cannot be expressed as a countable sum of finite measures, so µ is not
s-finite.

Most texts on measure theory focus on σ-finite measures and omit mention of the more general
concept of s-finite measures. However, as we will see, s-finite measures are the natural class of
measures for many important results in measure theory. One reason to appreciate the generality of
s-finite measures is provided by the next theorem. We will encounter other advantages of working
with s-finite measures later on in the course.

Theorem B.4

(1) Let (X,B, µ) be an s-finite measure space, and let (Y, C) be a measurable space. Suppose
π : X → Y is a measurable map. Then the measure π∗µ : C → [0,∞] defined by
π∗µ(C) = µ(π−1(C)) is s-finite.

(2) There exists a σ-finite measure space (X,B, µ), a measurable space (Y, C), and a mea-
surable map π : X → Y such that π∗µ is not σ-finite.

Proof. (1) First note that the projection of a finite measure is finite. Indeed, π∗µ(Y ) =
µ(π−1(Y )) = µ(X). Noting that π∗ (

∑∞
n=1 µn) =

∑∞
n=1 π∗µn then completes the proof.

(2) LetX = Z2, B = P(Z2), and let µ : B → [0,∞] be the counting measure. Let Y = Z and
C = P(Z), and let π : Z2 → Z be the projection onto the first coordinate, i.e. π(n,m) = n for
(n,m) ∈ Z2. Then π∗µ(E) counts the number of points in Z2 whose first coordinate belongs to E.
Hence, π∗µ(E) = ∞ whenever E ̸= ∅. Therefore, π∗µ is not σ-finite (nor even semi-finite). □

3. Decompositions of Measures

When we say that two notions are “complementary,” we mean that they are mutually exclusive
and every (σ-finite) measure can be decomposed into pieces satisfying one or the other property.
Namely, for the complementary notions shown in Figure B.1, we have the following decomposition
result:

Proposition B.5

(1) Let (X,B, µ) be a σ-finite measure space. Then there is a unique decomposition µ =
µa + µna as a sum of a purely atomic measure µa and a non-atomic measure µna.

(2) Let (X,B, µ) be an s-finite measure space, and suppose {x} ∈ B for every x ∈ X. Then
there is a unique decomposition µ = µd + µc as a sum of a discrete measure µd and a
continuous measure µc.

In general, atomic and discrete are different notions.

Example B.6

Let X be an uncountable set, and let B = {E ⊆ X : E is countable or X \ E is countable}.
Define a probability measure µ : B → [0, 1] by µ(E) = 0 if E is countable and µ(E) = 1
is X \ E is uncountable. Then E is atomic (each co-countable set is an atom) but also
continuous.

However, in many frequently-encountered situations, atomic and discrete measures coincide.
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Theorem B.7

Let X be a separable metric space. Suppose µ is a locally finite Borel measure on X. If
A ∈ Borel(X) is an atom of µ, then there is a point x ∈ A such that µ({x}) = µ(A) > 0.
Hence, every atomic locally finite Borel measure on X is discrete.

Proving the decomposition of a σ-finite measure into atomic and non-atomic components is
a bit lengthy, so we will prove only part (2) of Proposition B.5. Because of Theorem B.7, the
decomposition into discrete and continuous parts is sufficient for most purposes.

Proof of Proposition B.5(2).

Step 1. Existence.

Since µ is s-finite, we may write µ =
∑∞

n=1 µn for some finite measures µn : B → [0,∞). For

each k ∈ N, let Xn,k =
{
x ∈ X : µn({x}) ≥ 1

k

}
. Note that Xn,k has at most kµn(X) elements

for each n, k ∈ N. Therefore, X0 = {x ∈ X : µ({x}) > 0} =
⋃

n∈N
⋃

k∈NXn,k is a countable
set.

For x ∈ X0, let cx = µ({x}). Define µd =
∑

x∈X0
cxδx, and let µc : B → [0,∞) be the

measure µc(E) = µ(E \X0) for E ∈ B. Then µd is manifestly a discrete measure. Moreover,
for any x ∈ X,

µc({x}) = µ({x} \X0) =

{
µ({x}), if x /∈ X0;

0, if x ∈ X0.

Since X0 is the set of all point masses for µ, it follows that µc({x}) = 0 for every x ∈ X; that
is, µc is continuous. Finally, for any E ∈ B,

µ(E) = µ(E ∩X0) + µc(E)

and
µ(E ∩X0) =

∑
x∈E∩X0

µ({x}) =
∑
x∈X0

cxδx(E) = µd(E).

Step 2. Uniqueness.

Let µ = µd + µc be the decomposition obtained in Step 1. Suppose µ = µ′d + µ′c is another
decomposition into a discrete measure µ′d and a continuous measure µ′c. We want to show
µ′d = µd and µ′c = µc.

Let x ∈ X0. Since µ′c is continuous, we have µ′c({x}) = 0, so µ′d({x}) = µ({x}) = cx.
On the other hand, if x ∈ X is any point and µ′d({x}) > 0, then µ({x}) ≥ µ′d({x}) > 0, so
x ∈ X0. Therefore, the point masses of µ′d are exactly the elements of X0, and µ

′
d({x}) = cx

for x ∈ X0. Since µ′d is discrete, it can thus be represented as µ′d =
∑

x∈X0
cxδx. That is,

µ′d = µd, and it follows that we also have µ′c = µc.

□

The condition of semi-finiteness also leads to a decomposition result.
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Proposition B.8

Let (X,B, µ) be a measure space. There exists a decomposition µ = µsf + µinf such that µsf
is semi-finite and µinf takes only the values 0 and ∞.

Unlike the decompositions in Proposition B.5, the decomposition in Proposition B.8 is not
unique in general. One way of obtaining the decomposition is to define

µsf(E) = sup {µ(F ) : F ∈ B, F ⊆ E, and µ(F ) <∞} ,
and

µinf(E) =

{
0, if E is semi-finite;

∞, if E is not semi-finite.

Here, we say that a measurable set E is semi-finite if the measure µE : B → [0,∞] defined by
µE(A) = µ(A ∩ E) is a semi-finite measure. In other words, E ∈ B is semi-finite if every subset of
E of infinite measure has a further subset of positive finite measure.
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